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Abstract
The active suppression of elastic buckling has the potential to significantly in-
crease the effective strength of thin-wall structures. Despite all the interest in
smart structures, the active suppression of buckling has received comparatively
little attention. This research further develops analytical and experimental tech-
niques for the optimal control of columns and plates using piezo-ceramic actua-
tors. Previous work in this area has included numerous theoretical studies and a
very limited number of experiments.
Numerical models are formulated to simulate both the structure and its active
control system. The inclusion of mixed continuous-discrete control simulations
for active laminate design is unique to this research and provides insight into
issues that arise when trying to implement a continuous control strategy for
this unstable system with a discrete controller subject to sensor and noise error.
Therefore, limitations such as sensor uncertainty and noise, actuator saturation
and control architecture are included in the model. Three active plate strips and
a pneumatic compression loading system are implemented based on simulation
results and optimal controller design, to command the structure to deform in
ways that interfere with the development of buckling mode shapes. Due to the
importance of early detection, the relative effectiveness of active buckling control
is shown to be strongly dependent on the performance of the sensing scheme, as
well as on structure specific characteristics.
Initial experiments highlight the difficulties involved in obtaining ideal buck-
iv ABSTRACT
ling behaviour in a practical environment. Correction of initial curvature in lami-
nates is successfully implemented, resulting in buckling curves closely resembling
finite element results. Active control is combined with the constant actuator
offset required to correct for initial curvature to obtain further gains in effective
strength.
Current experimental results show a 37% increase in the measured buckling
load from 2.1 to 2.9 kN and simulations indicate that the controlled critical
load can be further increased given higher actuator authority. These results are
significant because they stabilise a structure approximately 30 times stiffer than
in any other published results, where this high stiffness has introduced additional
difficulties mainly due to the faster dynamics of the structure. They are also the
first known experimental results to successfully stabilise an active laminate plate
structure.
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S material compliance matrix
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TS discrete sample period
U translational degrees of freedom
v physical deflections
w width of plate
X state space vector containing variables
x vector of physical displacements and rotations
Y state space measured output vector
y physical measured output vector
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λ vector of eigenvalues
γ shear strain
ν Poison’s ratio
Φ vibration mode shapes used for contraction
ρ material density
θ rotational degrees of freedom
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Annotations:
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A′ matrix transose
A˙ differential
A¨ second differential
A−1 matrix inverse
Aˆ equivalent flexural properties
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A1,A2 ply or material coordinate system
Aξ,Aη normalised isoparametric coordinate system
AG global finite element matrix
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ACR critical

Abbreviations
CLT classical laminate theory
CL1 critical buckling load (mode 1)
CL2 critical buckling load (mode 2)
CL3 critical buckling load (mode 3)
CR control ratio
CSM chopped strand mat
DOF degree of freedom
FEA finite element analysis
FEM finite element model
FIR finite impulse response
IIR infinite impulse response
LMI linear matrix inequality
OOP out-of-plane
PZT lead zirconate titanate
SMA shape memory alloy
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Chapter 1
Introduction
The quest for structural efficiency, cost-effectiveness and high performance is lead-
ing to increasing use of thinner, more slender structures in applications ranging
from micro-machines to civil engineering as developments in materials, manufac-
turing methods, and analytical knowledge make it possible. At the same time,
many of these structures must withstand significant compression and shear loads.
Examples include aircraft wing and control surface skins, boat hulls and yacht
masts, and cable-stayed bridges. There are further important opportunities for
slender structures at the micro-scale, involving micromechanical devices for use
in fields from telecommunications equipment to micro-fluidic and biomedical de-
vices.
Thin, slender structures have additional failure modes beyond those that
result from material yielding, cracking and fracture, and these involve the geo-
metrical instability known as buckling. Since the compression buckling strength
is often but a fraction of the material strength, this can be an important limita-
tion. The development of buckling instabilities involves small lateral deflections
early on, but these grow quickly. Relatively small moments and deformations
are required to bring the structure back into alignment, provided that action is
taken quickly enough. This makes buckling suppression a suitable application for
smart structures technology, as the limited authority available from conventional
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actuator materials, such as Lead Zirconate Titanate (PZT) piezoceramics, can
be leveraged to have a substantial impact on effective structural strength.
This thesis contains a detailed account of modelling, design and construction
of an active laminate, the design and simulation of an active buckling controller,
and validation experiments that were performed in the laboratory.
Chapters 2 and 3 provide an overview of the buckling phenomenon and prior
research work in this topic. Chapter 4 considers the design and optimisation of
an active laminate plate. The important characteristics are discussed and a final
plate design is specified to maximise the performance of active buckling control.
Chapter 5 discusses the generation of a finite element model, and provides results
for linear and nonlinear analysis of the final laminate plate design in the absence
of control. The design and optimisation of the controller is discussed in Chapter
6, while the results from numerous simulations of active buckling control are
presented in Chapter 7.
Chapter 8 looks at the construction of three active plate strips and the re-
sults from modelling and simulation. These active plate strips were constructed
for experimental work and differed from the laminate plate designed in Chapter
4 primarily in their reduced width and reduced number of sensors and actua-
tors. This simpler structure was considered to be an essential stepping stone
to experimentation with a more complex fully constrained plate. Hardware and
loading issues were explored using this simple structure and discrepancies with
modelling and simulation assumptions were identified. The design of an exper-
imental loading rig and associated hardware and sensors is explained in detail
through Chapter 9. Chapter 10 presents the results from testing the three active
plate strips and discusses experimental issues that arose during this section of
work. Chapters 11 and 12 draw conclusions from the research and consider the
direction of future work in this area.
Chapter 2
The buckling phenomenon
Uniaxial buckling of plates occurs when the flexural stiffness of a structure is
reduced through the application of a compressive load. When this load reaches
the buckling load the effective flexural stiffness becomes zero and buckling will
occur given the smallest perturbation.
Buckling plays a large part in the design of thin members and plate structures.
Examples of such structures are aeroplane wings, missiles and yacht masts. When
designing these structures the material and geometry choices are often dictated
by the buckling load, which is often much lower than the loads required for
material failure. Therefore, if it is possible to control the buckling phenomenon,
then structures could be designed thinner giving a reduction in both weight and
material usage.
2.1 Linear buckling theory
Although buckling is an essentially nonlinear process, the equilibrium equations
can be linearised near the buckling point and linear control principles applied to
the problem. The following eigenvalue equation is the basis for linear buckling
theory:
[K − λKG] v = 0 (2.1)
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where K is the material stiffness matrix and KG is the geometric stiffness matrix.
λ is the linear buckling eigenvalue, which corresponds to a positive compressive
loading per unit width (PCR) and v is the eigenvector that defines the mode
shape corresponding to that critical load. While this first order formulation is not
exact, it captures the majority of dynamics necessary for control of fundamental
buckling. For any given compressive load (P ) the total stiffness (KTot) can be
written:
KTot = K − P KG (2.2)
which will become singular if P equals one of the buckling eigenvalues (λ).
Chapter 3
History and prior work
Given the extensive research and publication activity in active control and sup-
pression of sound and structural vibration, it is surprising to note that until re-
cently relatively little attention has been paid to the related topic of active control
and suppression of buckling [1, 2, 3, 4, 5, 6, 7]. Most published research on the
buckling of structures containing piezoelectric or shape memory alloy (SMA) ma-
terial consists of theoretical studies. For example, Sun [8] addressed the theory of
linear buckling in piezoelectric structures in terms of general tensor equations, and
established a fundamental mathematical basis for active stabilisation, but made
no predictions directly applicable to plates. All of the active buckling suppression
experiments that have been reported in the literature [9, 10, 11, 12, 13, 14, 15]
have been carried out on beam strips. In Thompson’s experiments on plates the
embedded SMA wires were activated only after the test specimen had buckled,
rather than to prevent or delay buckling [6].
Berlin [9, 10] demonstrated experimentally that surface bonded 0.25mm thick
PZT ceramic patches can be used to actively stabilise a simply supported 300mm
tall thin steel strip under axial compression. By actively suppressing both its first
and second column buckling modes, the critical load was increased by a factor
of up to 5.6 for short periods of time. However, the required control gains had
to be developed empirically through manual adjustments. In later work Chase
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et al. [13, 14, 15] developed a control design methodology that optimises the
gains based on the linear buckling eigenvalues. Using this optimal control de-
sign technique, a critical load of 2.94 times the passive buckling load PCR was
achieved experimentally for a 457mm long strip of 2.36mm thick fiberglass lam-
inated with longitudinal PZT active fiber composite actuators on both surfaces.
Although lower than that achieved by Berlin, probably due to vibrations in the
loading mechanism, the 2.9PCR load could be sustained indefinitely. In both
these tests, the active material covered most of the strip surface. Thompson
(S.P.) and Loughlan’s experiment [12] measured the increased stability under ax-
ial compression of 3 column strips with a single pair of surface bonded 0.19mm
thick PZT ceramic wafer patches that covered only some 14% of the strip sur-
face. Depending on the specimen’s layup, actively countering lateral deflection
increased the buckling load by 20% to 37%, although only in the last case was
the specimen able to exceed its theoretical linear buckling load. In this example,
much of the gains were achieved by actively compensating for the imperfections
and misalignments that can severely curtail real buckling loads, and thus allowing
an imperfect structure to approach its theoretical limits.
There have been a number of theoretical studies of the active buckling control
of flat plates. In one of the first such studies, Thompson (D.M.) and Griffin [16]
concluded from their finite element analysis that pairs of widely spaced SMA
wires increased the buckling load of 2.54mm thick stiffened aluminum panels by
up to 12%. Although small, these increases were significant in relation to the
low fraction of active material deployed. More complete studies of the mechanics
of SMA wire stiffening in plates were later carried out by Ro and Baz [17, 18],
and Birman [19]. However, although using SMA based actuation is advantageous
because of their high induced force capabilities, their main limitation besides their
slow response time, is that they can only provide compressive forces. As a result,
SMA based buckling stiffening concepts rely on anchor points external to the
7structure and the sliding of SMA wires in tubes embedded along the mid-surface,
which would be of limited practicality for most real-world applications. In other
early work, Chandrashekhara & Bhatia [20] presented one of the first studies
based on piezoceramic (PZT) actuators, although their results predicted a rather
modest increase in the critical buckling load of less than 5%. More recently, Batra
and Geng [4] investigated small, square composite plates with PZT patches that
covered most of the surface. In their simulations, the application of a uniform
voltage proportional to the central lateral deflection of the plate enhanced the
dynamic buckling load by less than 1% for plates with a thickness between 2
and 3mm, although higher values were obtained when the plate thickness was
reduced so that it approached the PZT patch thickness. Much more important
improvements were achieved by Chase and coworkers [2, 3, 21] by extending their
optimal control design method to the two dimensional plate buckling case. As
a result of their simulations of active stabilisation of 2.54mm thick composite
plates using PZT patches, the buckling strength of a square plate was increased
by 51%; while that of a rectangular plate, which was loaded parallel to its longest
side, was raised by 62% [21]. Under combined axial and shear loading, the square
plate’s buckling strength was raised by 50% [2, 3].

Chapter 4
Active laminate design and optimisation
The goal of this research was to design and build an active laminate, which
would display increased compressive strength over an equivalent passive specimen.
Before the control system was designed it was necessary to design a composite
laminate specifically tailored to this application. This laminate design dictated
the success of the experiments given practical limits such as actuator numbers,
size and authority, and also limitations on the compressive loading rig used for
testing.
4.1 Properties of an ideal experimental laminate
The laminate was designed to maximise the effectiveness of the experiment, while
keeping the total forces to a manageable level for experimental work. The actua-
tors, which have a relatively high stiffness, were embedded in the plate laminate
to ensure a constant flexural stiffness throughout the plate. If the actuators were
mounted on the surface they would increase the stiffness in that area, which could
subsequently change the dynamic and buckling characteristics of the specimen.
Important characteristics of experimental plate design:
1. Low buckling load; defines the type and size of the loading rig
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2. High control ratio; a measure of the ability to control the plate
3. Practical plate dimensions; suitable size for manufacture and testing
4.2 Actuators
The plate was designed with actuation in mind. The limited actuation force
provided by commercially available Lead Zirconate Titanate (PZT) strain actu-
ators requires careful design of the plate to make best use of the available force.
Buckling modes such as those shown in Figure 5.4 can be suppressed by generat-
ing restoring bending moments using the combined action of a pair of actuators
operating out of phase, as illustrated in Figure 4.1.
Figure 4.1 Schematic of restoring moment produced by a pair of actuators embedded in the
plate.
The modelled actuators were ACX Quickpack r©QP10 actuators. Simple cal-
culations utilising blocking force were used to provide an estimation of the max-
imum control authority. Blocking force calculations estimate the force generated
by an actuator from the consideration of an internal induced strain and the me-
chanical properties of the actuator. It was assumed that this actuator was bonded
to a surface that could resist the applied force, as free expansion will not generate
a force in the plate.
The actuators are much stiffer than the composite plate material, and there-
fore needed to be embedded to achieve a uniform flexural stiffness over the plate.
A uniform flexural stiffness requires the value of EI to remain constant over the
entire plate. A routine was written to determine the correct actuator embedding
depth to maintain a uniform flexural stiffness equal to that of the passive plate.
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Figure 4.3 shows the results of this analysis given a plate stiffness of 15GPa, an
actuator stiffness of 60GPa and PZT wafer thickness of 0.381mm.
4.3 The control ratio: a performance estimate
The control ratio (CR), which is a function of sensor resolution and actuator au-
thority, is a useful estimate of the closed-loop performance of the active laminate
system.
CR =
MaximumActuatorDeflection
MinimumDetectableDeflection
(4.1)
A larger control ratio will increase the ability to control a certain system. From
experience, a control ratio over ten is desirable [15]. The control ratio was used to
assess the performance of the system considering the dependencies on geometry,
actuator location, and material properties. The control ratio can also be thought
of as the number of sensing increments available before the control system does
not have the authority to return it to equilibrium.
4.4 Discussion of optimisation variables
4.4.1 Laminate thickness
Increasing the laminate thickness would also increase the required buckling loads.
An upper limit of 5kN was considered to be manageable under experimental
conditions, which imposed a limit on laminate thickness. As seen in Tables
4.1 and 4.2 reducing the plate thickness from 3mm to 2mm (case h to j) would
reduce the critical load from 11.5 to 3.4kN/m, which was desirable considering the
loading mechanism design, but outweighed by the inability to achieve constant
flexural stiffness by embedding actuators.
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Table 4.1 Effect of laminate thickness on the lowest 3 eigenvalue buckling loads for a range
of laminate stiffnesses. Max εX is a measure of the maximum strain for a normalised OOP
deflection.
t EX EY CL1 Max εX CL2 CL3
mm GPa GPa vxy vyx N/m ε N/m N/m
a 6 15 5 0.27 0.09 92195 0.0249 122282 205830
b 6 60 20 0.27 0.09 300757 0.0249 422496 759722
c 4 15 5 0.27 0.09 27317 0.0166 36232 60987
d 4 30 10 0.27 0.09 47911 0.0166 65845 115589
e 4 48 16 0.27 0.09 72631 0.0166 101439 181271
f 4 60 20 0.27 0.09 89113 0.0166 125184 225103
g 4 100 33.3 0.3 0.009 144014 0.0166 204353 371296
h 3 15 5 0.27 0.09 11524 0.0125 15285 25729
i 3 60 20 0.27 0.09 37595 0.0125 52812 94965
j 2 15 5 0.27 0.09 3415 0.0083 4529 7623
k 2 60 20 0.27 0.09 11139 0.0083 15648 28138
Table 4.2 Effect of laminate thickness on actuator embedding distance, maximum actuated
deflection and control ratio using a single pair of PZT actuators.
Embedded Min Detect Max Actuated Control
t EX Distance MY MY MX MX Deflection Deflection Ratio
mm GPa mm Nm Nm/node Nm Nm/node mm mm
a 6 15 1.120 0.477 0.079 0.953 0.087 0.0384 0.0742 1.93
b 6 60 0.381 0.664 0.111 1.328 0.121 0.0384 0.0324 0.84
c 4 15 1.000 0.254 0.042 0.507 0.046 0.0577 0.1330 2.31
d 4 30 0.654 0.341 0.057 0.682 0.062 0.0576 0.1030 1.79
e 4 48 0.458 0.391 0.065 0.782 0.071 0.0576 0.0785 1.36
f 4 60 0.381 0.411 0.068 0.821 0.075 0.0576 0.0676 1.17
g 4 100 0.246 0.445 0.074 0.889 0.081 0.0576 0.0456 0.79
h 3 15 0.920 0.147 0.025 0.294 0.027 0.0766 0.1850 2.42
i 3 60 0.381 0.284 0.047 0.567 0.052 0.0765 0.1110 1.45
j 2 15 0.810 0.048 0.008 0.096 0.009 0.1153 0.2060 1.79
k 2 60 0.381 0.157 0.026 0.314 0.029 0.1152 0.2080 1.81
As deflection due to buckling was measured using pairs of strain gauges,
increasing the plate thickness improved the minimum detectable displacement as
a thicker laminate provided larger bending strains at the surface (Figure 4.2). A
final effect of increasing laminate thickness was that the actuators would need
to be embedded deeper into the laminate. More important was the moment arm
(distance between embedded actuators), which is a function of embedding depth
and plate thickness, as see in Figure 4.3.
4.4.2 Material properties
During the laminate optimisation stage and early finite element analysis the plate
model was based on an orthotropic material. This reduced the number of optimi-
sation variables, as otherwise it would have been necessary to specify individual
plies. After an optimal solution was found for the orthotropic material, a laminate
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Figure 4.2 Minimum detectable displacement based on expected resolution of strain gauges.
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Figure 4.3 Embedded depth for constant flexural stiffness and resulting moment arm for a
pair of actuators.
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would be designed to match this definition. The material stiffness also affected
the embedding distance of the actuators. The lower the stiffness of the plate, the
greater the embedding distance required to obtain an equivalent bending stiff-
ness due to the high relative stiffness of the PZT actuators. This increased depth
results in a reduced moment arm, and therefore lowers control authority.
Table 4.3 shows the effect of different ratios of EX to EY . Considering the
results shown in this table it is apparent that the fundamental buckling load is
more influenced by the lower stiffness. Figure 4.4 shows a graph of these same
results, where it is easier to see the effect of the moduli ratio on the difference
between buckling modes one to three. As the control is anticipated to correct
the lowest two buckling modes, the ideal controlled case would fail at the third
buckling load. Therefore, a large ratio between modes one and three will provide
a larger percentage increase of buckling strength due to active control.
It was also observed that in the cases where the ratio of Ex
EY
was reduced
to less than 1 (i.e. stiffer in the transverse direction), the resulting first mode
shape changed from a half to a whole sine wave. This shape results in lower
strains, which reduce the minimum detectable out-of-plane displacement by ap-
proximately 65%. This change would also make actuation more difficult as more
locations would be required to actuate this higher order mode.
Table 4.3 Effect of laminate moduli ratio on eigenvalue buckling loads.
Material Properties Ansys Buckling
Case E1/E2 E1 E2 G12 v12 v21 CL1 CL2 CL3 CL2/CL1 CL3/CL1
GPa GPa GPa N/m N/m N/m
a 5 15 3 3 0.27 0.054 10157 14621 24988 1.44 2.46
b 4 15 3.75 3 0.27 0.0675 10669 14867 25258 1.39 2.37
c 3 15 5 3 0.27 0.09 11524 15285 25728 1.33 2.23
d 2 15 7.5 3 0.27 0.135 13237 16142 26728 1.22 2.02
e 1 15 15 3 0.27 0.27 18319 18855 30200 1.03 1.65
f 0.50 7.5 15 3 0.135 0.27 11707 12895 18301 1.10 1.56
g 0.33 5 15 3 0.09 0.27 9418 10425 14976 1.11 1.59
h 0.25 3.75 15 3 0.0675 0.27 8281 8963 12372 1.08 1.49
I 0.20 3 15 3 0.054 0.27 7595 8021 10644 1.06 1.40
4.4 DISCUSSION OF OPTIMISATION VARIABLES 15
5 4 3 2 1 0.50 0.33 0.25 0.20
0
5
10
15
20
25
30
35
Moduli Ratio (EX / EY)
Cr
itic
al
 L
oa
d 
(kN
/m
)
Mode 1
Mode 2
Mode 3
Full Sine Mode ShapeHalf Sine Mode Shape 
Figure 4.4 The effect of moduli ratio on critical load and shape. Loaded edges were fixed
and other edges simply supported.
4.4.3 Plate dimensions
An initial plate size of 300 x 500 mm was used for the optimisation procedure.
Both the plate dimensions, and material stiffness combine to determine the buck-
ling and vibration mode shapes. The effect of increasing the width of the plate to
500 by 500 mm (i.e. a square plate) can be seen in Table 4.4. This is quite a large
width increase and decreases the buckling load approximately 30%. The trade
off is that by increasing the plate area by almost 70%, more actuators would be
required to cover a similar proportion of the plate. Another potential concern
is that the plate becomes more difficult to manage in a practical sense at these
larger sizes.
As shown in Tables 4.5 and 4.6 by reducing the plate dimensions to 200 by
300 mm the required buckling load will increase, as will the control ratio. As
the number of available actuators is limited, reducing the dimensions of the plate
will result in a larger percentage of the plate surface area covered with actuators.
In this analysis EX = 3GPa and EY = 15GPa. Results are given for this
smaller plate for both 3 and 4 mm thicknesses. The buckling load for the 3mm
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Table 4.4 Effect of increasing laminate surface area on fundamental buckling load. Critical
buckling loads were evaluated using Gibbs and Cox method.
300 by 500 mm 500 by 500 mm Reduction
E1 E2 G12 t v12 v21 CL1 CL1 of CL1
GPa GPa GPa mm N/m N N/m N %
a 15 15 3 3 0.27 0.27 19119 5735.7 8669 4334.5 24.4
b 15 5 3 3 0.27 0.09 11285 3385.5 6952 3476 -2.7
c 5 15 3 3 0.09 0.27 10849 3254.7 4648 2324 28.6
d 5 5 3 3 0.27 0.27 8347 2504.1 3600 1800 28.1
e 15 15 3 2 0.27 0.27 5665 1699.5 2568 1284 24.4
f 15 5 3 2 0.27 0.09 3343 1002.9 2060 1030 -2.7
g 5 15 3 2 0.09 0.27 3214 964.2 1377 688.5 28.6
h 5 5 3 2 0.27 0.27 2473 741.9 1066 533 28.2
plate has increased to 5.5kN compared to 3.5kN in the 300 by 500 mm plate.
The fourteen actuators on this smaller plate cover 29% of the surface. To have
approximately the same coverage for the larger plate (300 by 500 mm) would
require 36 actuators.
Table 4.5 Buckling Loads for smaller laminate of dimensions 200 by 300mm.
t CL1 Max εX CL2 CL3
mm N/m N  N/m N/m
l 4 65512 13102.4 0.0297 94454 163295
m 3 27638 5527.6 0.0223 39848 68890
Table 4.6 Performance of control for smaller laminate of dimensions 200 by 300mm.
Embedded Min Detect Max Actuated Control
t Distance M Deflection Deflection Ratio
mm mm Nm/node m m
l 4 1.00 0.0442 2.152E-05 6.150E-04 28.6
m 3 0.92 0.0255 2.865E-05 8.410E-04 29.3
4.4.4 Location of actuators
The optimum location and number of actuators was considered and simulated
for a number of configurations. Different configurations were compared using
the resulting maximum out-of-plane deflection found using a static finite element
analysis. Little performance difference was found between having a large number
of actuators covering the majority of the plate surface, or a few actuators carefully
located to fit mode shapes. The best actuator locations were places of high
strain for mode shapes where actuation was desired. Finally, a configuration was
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required to be able to actuate both the first and second buckling modes.
4.4.5 Example of control ratio calculation
It was assumed that 10µε is the minimum detectable strain given experience with
ambient noise levels in experimental strain gauge signals. The maximum actuator
authority was determined by a static analysis using Ansys r© . Assuming the strain
gauges are located at the point of maximum strain, 10µε correlates to a central
out-of-plane (OOP) deflection of 62µm.
A pair of ACX QP10N actuators can produce a maximum in-plane strain of
262µε in both x and y directions. Blocked force and moment for a pair of embed-
ded actuators located 0.58mm from center plane of the laminate was calculated:
FX = 126.8N MY = 0.147Nm
FY = 253.5N MX = 0.294Nm
Solving a static finite element analysis using the blocked moments found for
a single pair of actuators located in the center of the plate it was possible to
determine a central OOP deflection of 0.094 mm. Therefore, the control ratio
was defined:
Control Ratio = 0.94E−4
62E−6 = 1.52
Calculations using fourteen actuators showed that it was possible to increase
the control ratio to 8.31.
4.5 Alternative actuators
Alternative actuators have recently become available. PZN-PT actuators can
produce larger strains than the PZT actuators but have a lower stiffness of 15
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GPa. This lower modulus better matches the stiffness of the laminate and there-
fore would not have to be embedded as much. The blocking force is also reduced
by the lower actuator stiffness. If it is assumed that these actuators can produce
an in-plane strain of 4000µε, and are 50 x 25 x 0.5 mm, then the blocking moment
for a 3mm thick plate with actuators embedded 0.5mm is defined:
FX = 750N MY = 1.5Nm
FY = 1500N MX = 3Nm
The maximum resulting deflection was found using Ansys r© and compared to
that obtained for the PZT actuators. The PNZ-PT actuators create a deflection
approximately ten times that of the PZT actuators. This value results in the
same increase to the control ratio. One of the major reasons for this substantial
increase is that the PZN-PT actuators do not need to be embedded nearly as
far into the laminate, due to their lower modulus, and therefore have a larger
moment arm.
4.6 Summary of optimisation results
Figures 4.3 and 4.2 showed that there were several factors related to the plate
thickness that affected the control ratio. These effects combine to form a complex
relationship, which can be seen in Figure 4.5. This plot shows that a relatively
thick plate is more desirable for this specific control problem.
In summary, it is desirable to use the thickest, most flexible plate possible.
However, there is a limit to the compression force that can be easily be generated
in the laboratory therefore limiting the allowable stiffness and thickness of the
laminate. It is considered that 7kN for the first mode is an achievable limit for a
laboratory experimental rig. This value would require an available compression
force of approximately 16kN to load the plate up to the third mode critical load,
assuming the first two modes are successfully controlled.
4.6 SUMMARY OF OPTIMISATION RESULTS 19
1 2 3 4 5 6 7 8 9 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
 
N
or
m
al
is
ed
 C
on
tro
l R
at
io
Plate Thickness (mm)
Figure 4.5 The combination of minimum detectable deflection and moment arm to show the
effect of plate thickness on control ratio.
Figure 4.6 shows a representation of the plate design space. There are three
limits shown on the plot, along with the specifications of the chosen plate and an
indication of control ratio relationship. The following limits are illustrated:
1. It is not possible to manufacture a composite laminate with an equivalent
flexural stiffness lower than 5 GPa. Given the desired 3:1 ratio between Ex
and Ey this sets a lower limit of 15 GPa on Ex.
2. The lower limit on plate thickness occurs when the thickness of material
between embedded actuators reaches less than 0.5mm. It is deemed that
below this value the plate will become impractical to manufacture and prone
to failure at the location of embedded actuators.
3. The upper limit on the thickness is determined by the buckling load be-
coming too large and therefore unmanageable in a laboratory environment.
Considering the size and availability of pneumatic actuators it was neces-
sary to impose this limit as for a high control ratio a large thickness was
required. The limit of 7kN on the first mode results in approximately 16kN
being required to buckle into the third mode shape, assuming that the goal
of controlling the first two modes is achieved.
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Figure 4.6 Laminate plate design space. The chosen plate properties are indicated by a circle
at a thickness of 3mm and a stiffness of 15GPa.
Given that the control ratio increases with increasing plate thickness, it is de-
sirable to choose the thickest plate that falls within the allowable design window.
The chosen plate is shown on the plot with a thickness of 3mm and a stiffness of
15GPa.
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4.7 Optimised plate specifications
Table 4.7 lists the parameters of the optimised laminate plate design. A schematic
of the plate and boundary conditions can be seen in Figure 4.7.
Table 4.7 Summary of optimised laminate plate parameters.
Plate Dimensions: 300 by 200 mm
Plate Thickness: 3 mm
Material Properties: Ex = 15GPa, Ey = 5GPa, Gxy = 3GPa
νxy = 0.27, ρ = 1200kg/m
3
Damping Parameters: Rayleigh model
3% of critical at mode 1
12% of critical at mode 10
Boundary Conditions: Fixed on two loaded edges
Simply supported on two unloaded edges
Figure 4.7 Schematic of optimised laminate plate showing boundary conditions and loading
orientation.

Chapter 5
Finite element analysis
The first step in developing the optimal feedback controller was to create an
accurate finite element model (FEM). The finite element model served two pur-
poses in this research. First, the control system design utilises an optimisation
method that is based directly on the FEM for the plant model, sensor location
and actuator architecture. Second, it is important to know the mechanical prop-
erties of the plate, including expected static deflections, dynamic vibration modes
and buckling modes, for experimental design. A displacement based FEM model
was created in Matlab r© . This model was verified with both a commercial finite
element package and classical solutions.
5.1 Model background and theory
For small deflections in flat plates, bending and in-plane deformations are un-
coupled and can therefore be considered separately. For this application only the
bending degrees of freedom were used, which can describe the flexural behavior
important to buckling analysis. The plate was modelled using a four-node, 12
degree of freedom element. The three degrees of freedom (DOF) per node are:
1. UZ - Out-of-plane translation
2. θx - In-plane rotation along x
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3. θy - In-plane rotation along y
The following assumptions were made to reduce the number of variables in
the control design optimisation and the computational size of the global model:
1. The global coordinate system was equivalent to the elemental system. There-
fore, no transformation was required.
2. All quad elements were rectangular and of equal dimensions which results
in faster model formulation and assembly.
3. Material was approximated to be specially orthotropic so that the material
coordinate system is equivalent to that of the elemental system.
4. The material properties and plate thickness were constant throughout the
laminate.
5.1.1 Element formulation
The element formulation made use of higher order Hermitian shape functions
(Boxer-Fox-Schmit)[21, 22]. Polynomials were bicubic, and Hermite polynomials
were first-order:
N1 (ξ, η) =
(
1− 3ξ2 + 2ξ3
) (
1− 3η2 + 2η3
)
(5.1)
where ξ and η are normalised isoparametric coordinates. Several routines for
mesh generation and global assembly were adapted from the work of Carey [23].
The mass matrix was consistent, and a two-frequency Rayleigh method was used
to create the damping matrix. The Rayleigh damping curve can be seen in Figure
5.1.
5.2 MATERIAL PROPERTIES 25
0 0.5 1 1.5 2 2.5
x 104
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
  
Frequency (rad/s)
R
at
io
 o
f C
rit
ica
l D
am
pi
ng
Figure 5.1 Frequency response of Rayleigh damping.
5.1.2 Mesh size and convergence
The element size was dictated by the ability to measure and apply loads to specific
local points and small areas rather than being optimised for reduced computation.
Figure 5.2 shows the convergence of several static and eigenvalue analyses, with
increasing mesh density. For control design the number of elements was not
dictated by convergence, but rather more elements than necessary were used to
give accurate positioning capability for actuators. Most models used 300-400
elements for a 200 x 300mm plate, for which the convergence error margin was
less than 0.5%.
5.2 Material properties
The finite element model used a specially orthotropic definition for material prop-
erties and the material compliance matrix (S) is defined:
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Figure 5.2 Convergence of finite element model.
S =

1
E1
−v21
E2
0
−v12
E1
1
E2
0
0 0 1
G12
 (5.2)
where E is the plane stiffness, G is the shear stiffness and v is Poisons’ ratio.
Subscripts 1 and 2 refer to both model and laminate longitudinal and transverse
orientations as the material is specially orthotropic. The flexural stiffness matrix
(Dbend) is defined:
Dbend =
t3
12
[
S−1
]
(5.3)
where t is the laminate thickness.
5.3 Model verification
To verify the finite element code a special case was considered so that comparison
could be made to both classical analytical solutions and Ansys r© . The comparison
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included static loading, dynamic vibration modes and buckling modes. The case
was a square isotropic plate, fixed on all four edges. The analytical solution
was obtained from Roark and Young [24]. Table 5.1 lists the specific model
parameters:
Table 5.1 Verification model parameters.
Plate Dimensions: 200mm by 200mm
Plate Thickness: 3mm
Material Properties: E = 5GPa,G = 2GPa, ν = 0.27, ρ = 500kg/m3
Damping Parameters: Rayleigh model
0.2 % at 1Hz
0.2 % at 5kHz
Boundary Conditions: Fixed on all edges
Mesh Size: 400 Elements
For the static loading case an out-of-plane (OOP) load with unit magnitude
was applied at the center of the plate. Table 5.2 shows the comparison of results
for this static analysis with only minor differences. The frequency and buckling
eigenvalues are compared in Table 5.3. The mode shapes were found to be equiv-
alent, and overall buckling loads and eigenfrequencies exhibited good agreement,
with differences of only a few percent.
Table 5.2 Results of static comparison.
Matlab r© Ansys r© Classical
Central Deflection (mm) 0.0179 0.0185 0.0181
Table 5.3 Results of eigenvalue solutions for buckling and free vibration.
Dynamic Frequency [Hz] Buckling Load λ [N/m]
Matlab r© Ansys r© Matlab r© Ansys r©
Mode 1 262 258 29017 27595
Mode 2 554 546 41469 39725
Mode 3 604 596 71092 68565
Mode 4 880 860 87805 82433
Mode 5 1083 1077 95905 91061
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5.4 Nonlinear analysis
Nonlinear analysis was performed using Ansys r© to verify the eigenvalue analysis
and to get an idea of the sensitivity to initial conditions (curvature) of the plate.
The reaction forces and deflections were also useful for design of the test rig. A
geometrically nonlinear analysis was performed in Ansys r© . Load was effectively
ramped over time through gradually displacing one end of the supported plate.
The central out-of-plane deflection was used to determine the point of buckling.
A perturbation is required to initiate buckling in a nonlinear analysis and was
applied in the form of a point force at the center of the plate. The magnitude of
this force was varied to gain an understanding of the maximum allowable initial
curvature that could be present without substantially reducing the buckling load
or changing its behaviour.
Figure 5.3 shows an example of the deflection resulting from a ramped load
and an initial perturbation of 1N. This force is equivalent to an out-of-plane
displacement of 0.024mm at the center of the plate. Eigenvalue analysis for this
case predicts a fundamental buckling load of 5.5kN.
Table 5.4 summarises a range of initial perturbations and the resulting load
to cause buckling. These results show that for an initial perturbation force in
the range of 0.2 to 10N, which corresponds to a central OOP deflection of 4.9µm
to 0.24mm, the plate will buckle at a load between 4.4 and 5.4kN. This range
compares well to the eigenvalue prediction of 5.5kN, which will always be an
upper limit to the nonlinear analysis determined practical buckling loads.
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Figure 5.3 Nonlinear results given a central OOP initial perturbation of 1N. UZ refers to
the in-plane end deflection, and UX the central OOP deflection.
Table 5.4 Nonlinear buckling analysis results
Central Perturbation
Force Equiv. UZ Time Step Applied Load UX (end) UZ (central)
N mm s N mm mm
0.05 1.2E-05 Failed to buckle due to perturbation too small
0.2 4.87E-03 8 4224.2 0.14 0.017
9 4827.5 0.16 0.033
10 5428.4 0.18 0.200
11 5784.1 0.20 1.400
1 0.024 5 3620.3 0.12 0.065
6 4524.3 0.15 0.120
7 5377.6 0.18 0.670
8 5908.7 0.21 1.800
10 0.24 4 2693.8 0.09 0.440
5 3576.8 0.12 0.620
6 4413.2 0.15 0.980
7 5120.8 0.18 1.600
8 5690.6 0.21 2.300
100 2.4 Initial Buckling before application of end load
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5.5 Results for optimised plate model
The following solution is for the optimised plate model as described in Table 4.7
and Figure 4.7. Figures 5.4 and 5.5 show the first four buckling and free vibration
mode shapes respectively. Both the dynamic frequencies and the buckling loads
change when feedback control is added to the system. The dynamic frequen-
cies also decrease when the plate is loaded compressively in a similar way that
loosening a guitar string causes a decrease in frequency.
Figure 5.4 The lowest 4 buckling mode shapes computed by finite element analysis. From
left to right and top to bottom, these are mode 1 (29 kN/m), mode 2 (41 kN/m), mode 3 (71
kN/m), and mode 4 (88 kN/m)
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Figure 5.5 The lowest 4 free vibration mode shapes computed by finite element analysis.
From left to right and top to bottom, these are mode 1 (169 Hz), mode 2 (358 Hz), mode 3
(390 Hz), and mode 4 (570 Hz)

Chapter 6
Optimal control design
6.1 Background theory
Optimal control is made possible because of the linear approximation made with
respect to buckling theory. This approximation enables a nonlinear, unstable
system to be approximated by a set of linear eigenvalue equations that can sub-
sequently be constrained and optimised. Although this linear approximation does
not capture the exact buckling behavior in its entirety, it is adequate for control
design purposes.
The buckling eigenvalue problem forms a basis for the design of the active
buckling controller. Control gains are found using a linear matrix inequality
(LMI) formulation in a semi-definite linear solver space[26]. A state space defini-
tion of the model can be created for control analysis purposes. The plant matrix
is defined:
A(P ) =
 0 I−M−1 (K − PKG) −M−1C
 (6.1)
where C is the structural damping matrix, M is the structural mass matrix, K is
the structural stiffness matrix, KG is the geometric stiffness matrix, P is a scalar
compressive load magnitude and I is an identity matrix of the appropriate size.
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The state space control mapping matrix B1 is defined:
B1 =
 0
M−1D
 (6.2)
where D maps the control actuation outputs to actuated degrees of freedom.
Using static output feedback the control input is defined:
u(t) = −Gy(t) = −GC1x(t) (6.3)
where y(t) is the vector of measured outputs, G is the control gain matrix, and
y(t) = C1x(t) maps the states, x(t), to the measured outputs. Equation 6.3 leads
to the closed loop plant matrix:
ACL = A (P )−B1GC1 (6.4)
Assuming a block diagonal structure allows both the control gain matrix
G and the measurement matrix C1 to be separated into their proportional and
derivative parts: G1, G2 and C1:11, C1:22 respectively.
G = [G1, G2] (6.5)
C1 =
 C1:11 0
0 C1:22
 (6.6)
One multiple objective definition can be used to describe the control problem
that is to be optimised. Equation 6.7 defines the objective function and con-
straints passed to the optimisation routine. The formulation has been contracted
to modal space to reduce the required computational effort [21, 2, 3].
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minimize αP + βλc + γθ (6.7)
subject to Φ
T
[(K +DG1C1:11) + PKG] Φ > 0
Φ
T
[(C +DG2C1:22) + λcI] Φ > 0 θIm G
GT In
 ≥ 0
P < −Pdesired
where Φ is a matrix containing the first m vibration mode shapes. λc and θ are
measures of the closed loop damping and control effort. α, β and γ are scalars
which weight the objective in terms of closed loop buckling load, damping and
control effort respectively. The eigenvalues of Equation 6.7 are now negative and
the goal of the optimisation routine is to minimise (make more negative) the
maximum eigenvalue. The three objectives are to minimise the control effort,
maximise the structural damping and converge to the desired closed loop buck-
ling load. The details of the derivation of this formulation have been published
previously [3].
6.2 Dynamic contraction
The plate model was transformed into modal space to contract the set of linear
equations to a size that is feasible for optimising Equation 6.7. The computational
effort required of the solver grows geometrically with the size of the system of
linear equations at a cubic or higher rate [25]. This contraction was performed
using the lowest twenty dynamic mode shapes, as the first twenty modes are able
to represent the dynamics and first three buckling modes of the physical system
to a sufficient level of accuracy. Performing this contraction reduces the size of
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Table 6.1 Sample of script file for SDP optimisation.
————————————————————————————————————————————————–
%Script file for input to SDPSOL.
%Generated through Matlab to solve plate buckling control optimisation
%Written by J. Welham, 28/8/02
variable G1(q,r); variable G2(q,r); variable P, lambdaC, theta; G=[G1,G2];
initialize G1=zeros(q,r); initialize G2=zeros(q,r); initialize lambdaC=0; initialize theta=1;
phi′ ∗ [(K +D ∗G1 ∗ C11) + P ∗Kg] ∗ phi > 0;
phi′ ∗ [(C +D ∗G2 ∗ C22) + lambdaC ∗ eye(n)] ∗ phi > 0;P < −PDesired;
lambdaC < 0;
[theta ∗ eye(q), G;
G′, eye(2 ∗ r)] > 0;
minimize objvalue = alpha ∗ P + beta ∗ lambdaC + gamma ∗ theta;
ABSTOL=0.000003; RELTOL=0.000003;
————————————————————————————————————————————————–
the problem to be solved from approximately 1000 degrees of freedom to 20 modal
coordinates.
6.3 Semi-definite linear optimisation
Spdsol is a stand-alone semi-definite optimisation problem solver, written by
Stephen Boyd and Shao-Po Wu [26]. The solver inputs and outputs are Matlab r©
binary workspace files, and it requires a text script file containing the optimisation
definition. Tables 6.1 and 6.2 show a sample script file and screen output from
the solver as it was used for this application.
6.4 Closed-loop control formulation
The state space closed-loop control system can be represented in state space form
using the state description x(t):
x(t) =

v(t)
v˙(t)
 (6.8)
where v(t) and ˙v(t) are the physical deflections and velocities. The resulting state
space equations comprise a complete description of the closed-loop system in a
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Table 6.2 Sample output from SDP solver.
————————————————————————————————————————-
This is sdpsol, version beta. Copyright (c) 1996, Shao-Po Wu and Stephen Boyd.
Compilation log messages:
script.txt:6 declare 2x2 primal variable G1.
script.txt:7 declare 2x2 primal variable G2.
script.txt:8 declare 1x1 primal variable P.
script.txt:8 declare 1x1 primal variable lambdaC.
script.txt:8 declare 1x1 primal variable theta.
script.txt:16 specify 20x20 LMI constraint.
script.txt:17 specify 20x20 LMI constraint.
script.txt:18 specify 1x1 LMI constraint.
script.txt:20 specify 1x1 LMI constraint.
script.txt:23 specify 6x6 LMI constraint.
Compilation completes without error.
bigMsp: initial x given is not strictly primal feasible (min e.v. -58204.3): start phase 1.
primalobj. dualobj. dual.gap
6.40e + 04 −1.75e + 05 2.39e + 05
6.76e + 04 −8.49e + 04 1.53e + 05
4.76e + 04 −5.21e + 04 9.96e + 04
3.34e + 04 −7.43e + 03 4.09e + 04
8.84e + 03 −2.41e + 03 1.12e + 04
3.03e + 03 −4.09e + 02 3.44e + 03
7.93e + 02 −9.71e + 01 8.90e + 02
2.33e + 02 −2.25e + 01 2.55e + 02
5.44e + 01 −7.79e + 00 6.21e + 01
1.59e + 01 −3.75e + 00 1.96e + 01
2.99e + 00 −2.24e + 00 5.23e + 00
1.09e + 00 −8.36e− 01 1.93e + 00
1.89e− 01 −3.10e− 01 4.99e− 01
7.51e− 02 −8.14e− 02 1.56e− 01
1.22e− 02 −2.24e− 02 3.45e− 02
4.82e− 03 −5.49e− 03 1.03e− 02
6.92e− 04 −1.54e− 03 2.24e− 03
2.20e− 04 −4.46e− 04 6.66e− 04
−2.43e− 05 −1.83e− 04 1.58e− 04
bigMsp: phase 1 is feasible. bigMsp: start phase 2.
primalobj. dualobj. dual.gap
1.95e + 10 −6.43e + 07 1.95e + 10
1.95e + 10 −1.29e + 10 3.24e + 10
8.15e + 09 −9.05e + 09 1.72e + 10
1.14e + 08 −6.67e + 09 6.78e + 09
1.14e + 08 −1.72e + 09 1.83e + 09
7.96e + 06 −4.65e + 08 4.73e + 08
7.96e + 06 −1.18e + 08 1.26e + 08
5.45e + 05 −3.16e + 07 3.21e + 07
5.29e + 05 −7.98e + 06 8.51e + 06
3.47e + 04 −2.12e + 06 2.15e + 06
−6.71e + 03 −5.53e + 05 5.46e + 05
−3.00e + 04 −1.74e + 05 1.44e + 05
−3.76e + 04 −8.78e + 04 5.03e + 04
−3.91e + 04 −4.70e + 04 7.91e + 03
−3.96e + 04 −4.25e + 04 2.85e + 03
−3.97e + 04 −4.02e + 04 4.14e + 02
−3.98e + 04 −3.99e + 04 1.44e + 02
−3.98e + 04 −3.98e + 04 2.90e + 01
−3.98e + 04 −3.98e + 04 8.97e + 00
−3.98e + 04 −3.98e + 04 2.20e + 00
−3.98e + 04 −3.98e + 04 6.00e− 01
−3.98e + 04 −3.98e + 04 1.58e− 01
−3.98e + 04 −3.98e + 04 3.94e− 02
*** Problem: script.txt
11 variables LMI size: 48-by-48 5 diagonal blocks SDP problem.
** Algorithm parameters:
ABSTOL = 3e-06 RELTOL = 3e-06 BIGM = 5.8399e+07 NU = 10 MAXITER = 100
** Optimization result
OPTIMAL after 22 iterations, sdpsol stopped because RELATIVE TOLERANCE was reached.
** Objective value
objvalue = −39779.1
*** Variables
G1 =
[
3.0352 2.3898
3.0352 −2.3898
]
G2 =
[
0.0001 0.0001
0.0001 −0.0001
]
P = −58204.3
lambdaC = −7.48624e− 06
theta = 18.4251
Result of ”script.txt”: OPTIMAL after 22 iterations, sdpsol stopped because RELATIVE TOLERANCE was reached.
————————————————————————————————————————-
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format that can be directly simulated:
˙x(t) = ACL x(t) + B u(t)
y(t) = C x(t) + D u(t)
(6.9)
where y(t) is the measured output, u(t) is the control input, and ACL is the
closed-loop plant matrix which is defined along with the other system matrices
(B,C,D):
ACL =
 0 I
−M−1(K − PKg) −M−1C

B =
 0
−M−1D
[
G1 G2
]

C =
 C1:11 0
0 C1:22

D =
 0
0

(6.10)
As discussed in Section 6.2 a coordinate transform was performed to convert
the system into modal space. This was achieved by pre-multiplying and post-
multiplying structural matrices by a matrix of the first m dynamic eigenmodes,
Φ. For example, the structural mass matrix, M[n,n], after contraction becomes
(Φ′MΦ)[m,m], where m << n to reduce size and complexity without sacrificing
any ability to capture the buckling and vibration dynamics of interest. The modal
state space system matrices are annotated with an overbar and are defined:
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ACL =
 0 I
−(Φ′MΦ)−1Φ′(K − PKg)Φ −(Φ′MΦ)−1Φ′CΦ

B =
 0
−(Φ′MΦ)−1Φ′D
[
G1 G2
]

C =
 C1:11Φ 0
0 C1:22Φ

D =
 0 0
0 0

(6.11)
Considering the real time discrete implementation with r inputs and q measured
outputs the system can be represented in various domains. The control input is
therefore defined in the continuous time domain:
u(t)
[q,1]
= G1[q,r]v(t)[r,1] +G2[q,r] v˙(t)[r,1] (6.12)
U(s)
[q,1]
V (s)
[r,1]
= G1[q,r] + sG2[q,r] (6.13)
where G1 and G2 are the proportional and derivative feedback gains, and v and
v˙ are the modal displacement and velocity. A laplace transform yields the trans-
fer function matrix, relating the control input and modal displacements in the
frequency domain. The discrete time domain definition using a sampling rate,
Ts, and a simple two point difference method for velocity estimation is therefore
defined:
u(k)
[q,1]
= G1[q,r]v(k)[r,1] +G2[q,r]
(
v(k)
[r,1]
− v(k − 1)
[r,1]
Ts
)
(6.14)

Chapter 7
Dynamic simulation
7.1 System specifications
The control architecture designed for the active laminate consists of two output
channels, each of which drives two pairs of piezoceramic actuators that provide
the desired restoring moments. The locations of these four pairs of actuators are
shown in Figure 7.1. The original design featured up to fourteen pairs of actua-
tors, but control ratio analysis in Section 4.4.4 showed that by careful placement
this number could be reduced to four pairs with little loss of performance. The
actuator locations were chosen to maximise their combined effect on the first two
buckling modes. The symmetry of these mode shapes allows the pairs of actua-
tors that are located symmetrically relative to the plate loading axis to be driven
off the same control channel, thus reducing the number of independent control
outputs to two. As well as simplifying the control optimisation process this re-
duction in the number of actuators allows the response time to be reduced for
specified current limits on the high voltage piezo amplifier as described in Section
9.2.1. This closed loop system architecture has been optimised to suppress the
two lowest buckling modes and obtain a compressive loading capacity of 2.3 times
the uncontrolled buckling load PCR, which is 29 kN/m.
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Figure 7.1 Location of actuators on plate.
7.2 Closed-loop dynamics
The dynamics of the closed-loop system can be defined by the linear equation of
motion, which incorporates the control feedback terms:
M x¨+ (C +DG2C1:22) x˙+ (K +DG1C1:11 − PKG) x = 0 (7.1)
where the vector x represents the nodal translations and rotations; x˙ and x¨ are
the velocities and accelerations respectively.
This dynamic system was simulated in Matlab r© using the Simulink r© environ-
ment. The control feedback loop was separated from the free dynamics as shown
in Figure 7.2 to allow the feedback control system to incorporate features like
discrete sampling, noise and filtering, while the plant model is a continuous sys-
tem. This mixed discrete-continuous system is the most accurate representation
of an actual implementation and enables the determination of design tradeoffs
for filtering and other necessary elements. Hence, although it is possible to de-
rive velocity measurements from accelerometers or other rate sensors, in this
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Figure 7.2 Schematic of the active plate simulation.
mixed formulation velocity is estimated and filtered from displacement measure-
ments, to represent experiments using strain or displacement sensing only. For
this simulation velocity is calculated using a simple two-point difference method.
This relatively simple method was chosen as more complex and accurate meth-
ods generally introduce greater lag into the signal path. Hence the tradeoff in
determining velocity is between noise and signal lag due to filtering.
As mentioned in Section 6.2 this model was contracted using the free vibration
eigenmodes of the plate to reduce the number of simultaneous equations from
approximately 1000 (degrees of freedom) to 20 (modes) [21]. Noise was introduced
into the sampled measurements to test the robustness of the control system.
Band-limited white noise was used to achieve this task and provides a normally
distributed random output. The generated noise amplitude is defined using a
parameter which sets the height of the power spectral density.
To represent the discretisation required for a digital control system, the con-
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tinuous model is sampled using a zero-order hold (ZOH) function. This function
replicates the use of an analogue to digital convertor in that it samples the con-
tinuous system at a specified sampling rate and holds the returned value between
samples.
By simulating the essential features of the discrete controller with the contin-
uous system it was possible to determine the effects of sampling rate, quantisation
and velocity estimation. This information is valuable as a discrete controller will
be used in any actual controlled system as in the experiments presented in this
research. This mixed formulation is unique in the design of this type of active
laminate.
Various continuous solver algorithms are available in the Simulink r©environment
and the default, ODE45, was found to be best. Other algorithms were either sub-
stantially slower, or failed to converge. The solver was used with a variable time
step and default automatic tolerances. Simulations were evaluated either until
the system became unstable, determined by the saturation of integrator blocks,
or for a maximum simulation time of 0.25 seconds.
7.3 Sensors and noise levels
Pairs of strain gauges mounted on the laminate surface were used to measure in-
plane strain during experiments and then converted to bending strain by taking
the difference between the two readings. However, this subtraction operation
resulted in twice the noise amplitude seen in each strain measurement because
each sensor was assumed to have independent noise inputs.
The Simulink r©white noise generator is parameterised by a noise power level.
Noise was summed into the simulation control feedback path, which is in units
of modal amplitude, and therefore it was necessary to convert a given level of
noise in a bending strain measurement to the equivalent modal amplitude. This
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Figure 7.3 Plate deflection and plate surface strain versus noise power for buckling modes 1
and 2.
relationship can be seen in Figure 7.3, and the raw data can be found in Table
7.1. The conversion from nodal deflections to elemental strain is based on the
general isoparametric quad as derived by Cook [27]:

εx
εy
γxy
 =
N∑
i=1

0 −zAi 0
0 0 −zBi
0 −zBi −zAi


wi
θxi
θyi

(7.2)
where εx, εy and γxy are the elemental plane and shear strains, wi, θxi and θyi are
the nodal deflections and rotations for the ith node, z is the distance from the
neutral axis to the strain gauge, and Ai and Bi are defined:
Ai = τ11
δNi
δξ
+ τ12
δNi
δη
Bi = τ21
δNi
δξ
+ τ22
δNi
δη
(7.3)
where τ is the inverse Jacobian:
τ = J−1 =

δx
δξ
δy
δξ
0
δx
δη
δy
δη
0
0 0 1
 =

1
a
0 0
0 1
b
0
0 0 1
 (7.4)
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Table 7.1 Conversion between noise power, average noise amplitude and equivalent strain
and deflections for the lowest two buckling modes.
Approximate Equivalent Equivalent Equivalent
Noise Power Noise Amplitude Max Deflection Max Bend. Strain Max Deflection
(Modal) (Modal) Mode 1: mm Mode 1: µε Mode 2: mm
1E-3 5 28 31000 19
0.5E-3 3 16.8 18600 11.4
1E-4 1.5 8.4 9300 5.7
0.5E-4 1 5.6 6200 3.8
1E-5 0.6 3.36 3720 2.28
0.5E-5 0.3 1.68 1860 1.14
1E-6 0.18 1.008 1116 0.684
0.5E-6 0.1 0.56 620 0.38
1E-7 0.06 0.336 372 0.228
0.5E-7 0.03 0.168 186 0.114
1E-8 0.02 0.112 124 0.076
0.5E-8 0.01 0.056 62 0.038
1E-9 0.005 0.028 31 0.019
0.5E-9 3E-3 0.0168 18.6 0.0114
1E-10 2E-3 0.0112 12.4 0.0076
0.5E-10 1.2E-3 0.00672 7.44 0.00456
1E-11 6E-4 0.00336 3.72 0.00228
0.5E-11 3.5E-4 0.00196 2.17 0.00133
1E-12 2E-4 0.0012 1.24 0.00076
0.5E-12 1E-4 0.00056 0.62 0.00038
1E-13 6E-5 0.000336 0.372 0.000228
0.5E-13 3E-5 0.000168 0.186 0.000114
1E-14 1.8E-5 0.0001008 0.1116 6.84E-5
0.5E-14 1.2E-5 6.72E-5 0.0744 4.56E-5
1E-15 7E-6 3.92E-5 0.0434 2.66E-5
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where a and b are the elemental length and width. As rectangular elements are
used in this model, Ai and Bi can be simplified:
Ai =
1
a
δNi
δξ
Bi =
1
b
δNi
δη
(7.5)
By substituting these new definitions of Ai and Bi into Equation 7.2 the specific
relationship between nodal deflections and elemental strain becomes:

εx
εy
γxy
 =
N∑
i=1

0 0 − z
a
δNi
δξ
0 − z
b
δNi
δη
0
0 − z
a
δNi
δξ
z
b
δNi
δη


wi
θxi
θyi

(7.6)
7.4 Actuator authority
Actuator authority is a limiting factor in the performance of active buckling
controllers. Blocked force calculations were performed on actuator pairs to esti-
mate actuator authority, and the results were incorporated in control simulations.
Table 7.2 shows the actuator specifications for the following example actuator au-
thority calculation. Blocked forces (F) and moments (M) were calculated:
FX = Epzt × εmx × lW × tW
= 60× 109 × 262× 10−6 × 0.0459× 0.254× 10−3
= 183.3N
(7.7)
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Table 7.2 Specifications for QP10N actuators.
Actuator dimensions lA x wA x tA 50.8 x 25.4 x 0.381 mm
PZT wafer dimensions lW x wW x tW 45.9 x 20.5 x 0.254 mm
Maximum actuation strain εmx 262 µε
Maximum rated voltage Vmx 200 Volts
Capacitance Cap 0.06 µF
PZT Stiffness Epzt 60 GPa
Moment Arm z 1.6 mm **
** The moment arm is defined as the material thickness between the two embedded actuators.
FY = Epzt × εmx × wW × tW
= 60× 109 × 262× 10−6 × 0.0205× 0.254× 10−3
= 81.9N
(7.8)
MX = FY × z
= 81.9× 0.0016
= 0.131Nm
(7.9)
MY = FX × z
= 183.3× 0.0016
= 0.293Nm
(7.10)
Considering the actuator incorporates eight elements in the finite element model,
as shown in Figure 7.4, the blocked moment per node (M)can be calculated:
MX = 0.131/2
= 0.0655Nm/node
(7.11)
MY = 0.293/4
= 0.0733Nm/node
(7.12)
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Figure 7.4 Nodal moment application factors for a single pair of patches covering eight
elements.
7.5 Actuator location
The actuator locations were chosen based on the shape of the buckling modes to
be controlled. Actuators were placed at locations of high strain, for both modes
to be controlled. In this case the locations also account for the symmetry required
to actuate into both modes 1 and 2 using the same actuators.
A limited number of simulations were performed to confirm the locations cho-
sen were optimal. The axial (x) and transverse (y) distance between actuators
were independently varied, as shown in Figure 7.5. Results from these simulations
are shown in Figure 7.6. By moving the actuators apart in the transverse direc-
tion (increasing y) by even a small amount, the performance of the closed-loop
system drops substantially. Any increase in x results in a critical load ratio of
approximately 1, which means that the controller has failed to add any stiffness
above the critical load. Reducing x causes reduced controller performance and
so the chosen location is seen to be optimal.
7.6 Dynamic response simulations
Multiple sets of simulations were conducted to explore the effect of varying the
control sampling rate, noise level and actuator authority on the performance of a
closed loop system designed to prevent buckling for loads of up to 2.3 PCR. Each
set of simulations typically consisted of several thousand individual simulations,
which were combined to form a single three-dimensional surface or contour plot
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showing the closed-loop critical loads for various initial conditions.
These simulations all started with a perfectly flat plate, in static equilibrium
under an axial compressive load P . A perturbation consisting of an initial combi-
nation of displacement and velocity in the shape of the lowest buckling mode was
then applied, as a perfectly flat plate will never buckle. These initial conditions
were intended to represent imperfections in plate manufacture and loading, and
any outside disturbance impulses. A stable system response oscillates back to
zero displacement and velocity, whereas an unstable system response grows ex-
ponentially. For a given set of initial conditions, simulations were performed with
increasing load P until an unstable load was found. A bisection method was then
used to accurately locate the critical load for the given conditions. Contour or
surface plots, similar to those seen in Figure 7.7 were used to display the highest
achievable closed-loop critical buckling load for a range of initial conditions.
7.6.1 Discretisation of control loop
As discussed above, the control feedback loop was discretised to represent the
digital nature of the controller hardware presented in this research. These simu-
lations were used to determine the effect of the control system sampling frequency
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Figure 7.5 Optimal actuator location.
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Figure 7.7 Example of simulation surface results.
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Figure 7.8 Contour plots of peak stable closed-loop buckling load ratio P/PCR as a function
of out-of-plane perturbation size and velocity at the center of the plate for different discretised
controller frequencies Fs. From left to right and top to bottom, these plots correspond to
frequencies of 1, 7, 10 and 100kHz respectively.
(Fs) on the magnitude of the compressive load (P ) that could be sustained under
closed-loop control, and the results are shown in Figure 7.8 and Table 7.3.
It is apparent from Table 7.3 that a sampling rate of 10 kHz is required for
the controller to stabilise the full design closed-loop control load of 65 kN/m, or
2.3 times PCR. These results indicate that even if the modal amplitudes are mea-
sured perfectly, in order to achieve the designed control performance the sensor
scanning rate needs to be at least 3 times the frequency of the highest eigenmode
used to model the active plate dynamics, and about 20 times the frequency of
the eigenmode whose mode shape corresponds to the highest buckling mode be-
ing suppressed. Reducing the control loop sampling frequency both reduces the
controller bandwidth, and increases the inherent delay caused by the sampling
operation. It is not obvious which of these two effects dominates the performance
drop of the controller at sampling frequencies below 10kHz as seen in Figure 7.8.
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Table 7.3 The peak controllable closed-loop buckling load P and its ratio to the open loop
buckling load PCR versus different discretised controller frequencies Fs.
Fs [kHz] P [kN/m]
P
PCR
1 30 1.03
3 32 1.10
5 35 1.21
7 39 1.34
10 66 2.30
100 66 2.30
7.6.2 Transport delay
Delays through the control loop often play a critical part on the effectiveness
of a control system. Simulations were performed where a transport delay, in
addition to the inherent delay associated with sampling, was introduced into the
feedback path. The control loop was operating at a rate of 30kHz, which implies
an inherent delay due to sampling of approximately TS
2
or 17µs. Table 7.4 and
Figure 7.9 show the results of this simulation on the height of the upper plateau
(closed-loop buckling load). It can be seen that an additional transport delay
over 10µs will result in a substantial degradation of the achievable closed-loop
buckling load.
Table 7.4 Effect of transport delay on closed-loop performance.
Delay (µs) Plateau (kN/m)
10000 29.3
5000 29.3
1000 29.7
500 30
100 34.8
50 43.8
10 66
5 66
1 66
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Figure 7.9 Effect of additional transport delay on closed-loop performance.
7.6.3 Noise
Noise was introduced into the model to test the robustness of the control system in
realistic conditions, where sensors have a finite accuracy that is often dictated by
electrical noise. The average modal noise power can be converted to an equivalent
central deflection or strain measurement as described in Section 7.3. Figure 7.3
shows this relationship for the two lowest modes over a range of noise power.
The peak stable closed-loop load, P , that could be maintained was then
calculated for various levels of this noise power by running simulations with a
control loop sampling rate of 10kHz. This sampling rate was used as a baseline
for simulations as slower rates would not achieve the optimised closed-loop buck-
ling loads. Noise does not interact with the sampling rate directly, but rather
through the filtering that is possible at higher sampling rates. Noise reduces the
controller’s ability to determine the exact plate deflection, and that inexactitude
will be greater for the velocities calculated from these deflections. As a result,
the active plate will be less able to stabilise a given compressive load.
Figure 7.10 shows the results for both sensor and actuator noise. These two
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Figure 7.10 Peak stable closed-loop load P versus noise power (sensor noise on left and
actuator noise on right).
cases refer to the addition of noise at different points of the control feedback
loop as seen in Figure 7.2. The sensor noise represents unavoidable electrical
noise present in measured strain signals. Actuator noise represents both the
electrical noise present at the piezo amplifier output and due to the hysteresis
and nonlinearity of the piezo actuators. Sensor and actuator noise were simulated
independently.
Considering the sensor noise plot, the maximum controllable load P decreases
rapidly as the noise level is increased from 10−10 to 10−9, which correspond to
central deflections of 28 and 11µm respectively as listed in Table 7.1. Below
10−10 the buckling load becomes relatively independent of noise, indicating that
to control the first two modes the noise power in the control loop must be less
than or equal to 10−10. As shown in Figure 7.3, this threshold noise is equivalent
to an average strain amplitude of some 12µε for mode 1, and 22µε for mode 2, at
their respective mode shape peaks; or peak deflections of 11µm for mode 1 and
less than 8µm for mode 2. To put these values in context, MEMS extensometers
have a resolution of approximately 1µε, while micromachined silicon resistive
strain gages can achieve resolutions of a few microstrain. On the deflection side,
commercially available non-interferometric laser distance sensors have resolutions
between 1 and 10µm, while capacitive distance sensors range from less than
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0.001µm to a couple of µm, depending on various factors including surface flatness
and finish. It can then be concluded that current strain and displacement sensor
technology can provide a resolution well within these limits of uncertainty and of
sufficient accuracy for this controller.
The actuator noise plot shows a similar trend to the sensor noise. The critical
noise power for in this case is 10−8, which corresponds to approximately 25% of
the actuator authority. The actuator noise is therefore considered to be less
crucial to control performance than that of the sensors.
7.6.4 Actuator authority
The actuator authority is a limit on the available bending moment generated
by each pair of piezoceramic patches. Conventional 0.25mm thick piezoceramic
patches, such as ACX Quickpack r© , provide a blocked force of approximately
4N/mm, which corresponds to a moment of 0.08Nm per node in the finite element
model, and this value was chosen as a baseline. Simulations were run with several
levels of actuator authority, both above and below the baseline, using a discretised
control loop sampling rate of 10kHz.
The top right contour plot in Figure 7.11, which represents the expected con-
trol limit given the available actuators, shows the actively controlled system to
be stable for an initial central deflection of up to 0.1mm and an initial velocity
of up to 0.2m/s. The two bottom plots in Figure 7.11 show that since the con-
troller has been optimised to suppress a certain set of buckling modes, increasing
the available actuator authority well past the baseline value does not increase
maximum load. The design limit cannot be exceeded, unless the controller is
re-optimised for a higher load Pdesired and thus to account for higher modes. Al-
though the additional authority does not raise the height of the plateau, it does
allow the system to tolerate larger out-of-plane perturbations, which increases its
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Figure 7.11 Contour plots of peak stable closed-loop buckling load ratio P/PCR as a function
of out-of-plane perturbation size and velocity at the center of the plate for different actuator
authorities in the absence of noise. From left to right and top to bottom, they correspond to
force levels of 0.008, 0.08, 0.8 and 8 Nm per node respectively.
robustness.
In the presence of noise, the ability of actuator authority to compensate for
this uncertainty is indicated by Figure 7.12. Note that the assumed noise power
level of 10−9 is orders of magnitude higher than what is expected in practice, as
discussed previously and shown in Table 7.1. Even under these conditions, the
baseline actuators can maintain a buckling load of approximately 1.7 times PCR,
a reduction of 26%. An increase in authority restores performance almost to the
level of the corresponding lower left plot in Fig. 7.11.
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Figure 7.12 Contour plots of peak stable closed-loop buckling load ratio P/PCR as a function
of out-of-plane perturbation size and velocity at the center of the plate in the presence of a
noise power of 10−9. These plots correspond to actuator authorities of 0.08 (left) and 0.8 N/m
per node (right).
7.6.5 Alternative solver results
To verify the results obtained from the Simulink r©ODE45 solver, a Newmark-Beta
numerical integration scheme was implemented in Matlab r© . Newmark-Beta is
unconditionally stable [28] and was tested with fixed time steps between 7 and
20µs. Different sampling rates for the actuation and measurement were also
incorporated so that the measured signals could be filtered to reduce noise if
necessary. Of particular interest was verifying the instabilities that occur when
the control loop sampling rate was reduced below 7kHz.
Newmark-Beta integrated simulation results were consistent with those ob-
tained using Simulink r© and the closed-loop system was only stable when the
control loop sampling rate was greater than 7kHz. Figure 7.13 shows the re-
sponse of the closed loop system to the same perturbation at 5kHz and at 10kHz.
At 5kHz the closed-loop system was unstable, while at 10kHz it is stable. For
each case six plots are shown. The plots on the left consist of the dynamic re-
sponse of the structure, while the plots on the right show the discrete controller
inputs and outputs.
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Figure 7.13 Newmark Beta results (5kHz at top and 10kHz below) where all plots are in
units of modal amplitude. Each plot consists of the lowest twenty dynamic modes, of which
modes 1,2 and 3 are blue, green and red.
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7.7 Ramped loading simulations
The results presented in Section 7.6 indicate that the active control system can
maintain the stability of the plate while under steady state compression at more
than double PCR. In practice, to reach this steady state load, the plate will have
to dynamically pass through all the lower compression load states. The ability of
the active stabilisation system to handle the transition from the region of stability
below PCR into the unstable buckling states around and above PCR is of crucial
importance. Also important is its performance during the ramp from PCR up to
the target steady state load PCL.
A number of simulations were conducted to examine the performance of the
active stabilisation system under different loading rates. In these simulations
the compression loading process started from a steady state below PCR and was
ramped up continuously at a constant rate until buckling occurred. An initial
condition consisting of an out-of-plane point load that forced the plate to assume
a deformed shape similar to the first buckling mode was held constant through-
out the compression loading ramp. This out-of-plane perturbation served as an
imperfection to trigger buckling in these simulations.
Solving these ramped load cases was computationally expensive, as one sim-
ulation second required approximately ten hours of solution time on a 1.2 GHz
Athlon with 768 Mbyte of RAM using the Simulink r© based model. A starting
load of 0.85 PCR was used to reduce overall simulation time. In addition, a high
loading rate was used in the first simulations to reduce computational time, but
was gradually reduced in subsequent cases.
The results from the ramped simulations for a range of loading rates, in the
presence of a noise power level of 10−10, can be seen in Figure 7.14. These results
demonstrate the active buckling control system’s effectiveness for the intermediate
load states in the region from PCR to near PCL. At the highest loading rate of
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Figure 7.14 Results from ramped loading simulations for various loading rates and initial
conditions. From top to bottom loading rates reduce from 300 kN/sec down to 0.6 kN/sec.
There are two plots for the 3 kN/sec loading rate, corresponding to out-of-plane perturbation
accelerations that differ by a factor of 10.
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300kN/s, the design buckling load would be reached in 0.044 seconds. A buckling
load slightly in excess of PCL was achieved, but it is clear that there was a race
between the buckling mode development and the application of load. At a much
lower loading rate of 3kN/s it would take 4.4 seconds to reach PCL. With a
small imperfection the active plate reached a load very near PCL before stability
was lost, and even when the imperfection was increased by a factor of 10 the
plate achieved a buckling load of about twice PCR. At the slowest loading rate of
0.6kN/s the total loading time would still be well under a minute while the active
plate buckling load with the larger imperfection was still about twice PCR, so
further reductions of the loading rate were not expected to affect the achievable
buckling load.
7.8 Summary
Numerous simulations of active buckling control were performed, with the aim of
predicting the likely success of anticipated experiments. The simulation model
contained both continuous and discrete time elements to represent the continu-
ous plant and the discrete controller. Practical limitations such as sensor noise,
transport delay, finite sampling rates and actuator authority were investigated.
Results from the simulations show that by using four pairs of actuators, it
is possible to control the first two buckling modes, which can result in buckling
strength increases of up to 130 percent. Deflections will be measured via pairs of
strain gauges bonded to the laminate surface. The results from ramped loading
simulations add confidence that active buckling control of plates is possible.
Chapter 8
Active laminate plate strip specimen
development
In order to validate the assumptions and theories used in the active plate mod-
elling and simulation described in the preceding chapters, a simplified experiment
was conceived based on active plate strips. This experiment was also intended
to serve as a testbed for the development of the active control hardware and
software that would be used in active buckling control of stiff structures. In ad-
dition it allowed a new load application mechanism and load control system to
be evaluated for its suitability in testing the buckling of active plates and strips.
The active plate strip specimens used in these validation experiments can
be visualized as vertical strips taken from the center 54mm of the active plate
of Section 4.7. They differ from the plate described in Chapter 4 primarily in
their reduced width and unconstrained sides. Note that effect of the lateral edge
support conditions is local and therefore the behaviour of a vertical strip in the
middle of the plate is not greatly affected by them. Also the number of sensors
and actuators was reduced, as the objective was only to control the first buckling
mode, which places an upper limit of 2.1 times PCR on the achievable buckling
load under active stabilisation.
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8.1 Laminate construction
The laminate manufacturing technique was empirically developed through the
construction of a number of plate specimens. All plates consisted of four plies;
two of glass chopped strand mat (CSM) and two of unidirectional glass. Both
polyester and epoxy resins were trialled.
The layup in Plate 1 consisted of CSM as the outer plies and unidirectional
glass plies on the inside. A general purpose epoxy resin was used. The laminate
was cured under vacuum, which improves compaction and reduces void content,
ensuring more uniform material properties and improved repeatability. The con-
ventional vacuum bagging technique was problematic as without a top mould
surface it was difficult to achieve a uniform, accurate thickness over the entire
plate. The thickness of Plate 1, which had a nominal thickness of 3mm, varied
from 2.6 to 3.2mm. The density was measured as 1166kg/m3. Mechanical test-
ing was performed on samples from Plate 1 to determine the tensile and flexural
stiffness of the laminate. Results from this testing can be seen in Table 8.1.
Plate 2, and all subsequent plates used a polyester resin, as it provides a
lower modulus combined with a higher strain to failure. High strain to failure is
desirable for this application, as the specimen will undergo substantial deforma-
tion during repeated buckling experiments. A top and bottom plate were used
to manufacture Plate 2 and Plate 3 with 3mm spacers between these two plates
to control the laminate thickness. The vacuum resulted in extremely resin dry
laminates as a substantial volume of resin was extracted during the curing of
these two plates. These porous laminates did not have consistent properties and
could not be used for active buckling control.
Vacuum curing was not used for Plate 4 and therefore the construction tech-
nique became similar to a moulding operation. The result was a high quality
laminate, with a good surface finish and constant, accurate thickness. Longi-
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Table 8.1 Results of mechanical testing on laminates.
Inplane Flexural
Plate # Layup Direction Modulus Modulus Resin
(GPa) (GPa)
1 [CSM / Uni]S x 11 18 Epoxy
y 4.5 4 Epoxy
4 [CSM / Uni]S x 12.5 6.5 Polyester
y 4.5 5.5 Polyester
Figure 8.1 Plate 4 and the mechanical testing longitudinal and transverse specimens that
were cut from it.
tudinal and transverse specimens for mechanical testing were cut from Plate 4
(Figure 8.1) and tested in the same way as the specimens for Plate 1. The results
from their testing are also given in Table 8.1.
Material stiffness for individual plies can be estimated from the measured
laminate stiffness using classical laminate theory (CLT) [29]. The simultane-
ous equation can be solved independently for both longitudinal and transverse
stiffness:
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 tUni tCSM
IUni ICSM

 EUni
ECSM
 =
 ELamtLam
ELamILam
 (8.1)
where E is the modulus (flexural or in-plane), t is the thickness and I is the
second moment of area. Given the measured stiffness for Plate 4, which had
a measured thickness tLam = 3.4mm, and using the manufacturer supplied ply
thicknesses: tUni = 1mm and tCSM = 2.4mm, it is possible to solve for ECSM
and EUni:
ECSMLong. = 5.7GPa EUniLong. = 28.8GPa
ECSMTransv. = 5.7GPa EUniTransv. = 1.6GPa
These results were used to predict laminate properties when the layup was re-
ordered or ply thicknesses were changed. Plates 5, 6 and 7 were manufactured
to achieve the same mechanical properties as Plate 4, using the same method.
Specimens were cut from these additional plates and used for buckling and active
control experiments.
8.1.1 Layup design and materials
During plate design certain laminate mechanical properties were chosen which
are listed in Table 4.7. A layup with these laminate properties was required
so that the experimental plate strips matched the finite element model and the
simulations. Given the relatively low stiffness required, glass reinforced laminates
constructed using a wet layup process were the only option. Table 8.2 lists the
in-plane and flexural stiffness properties, either estimated using CLT theory or
measured through mechanical testing. Table 8.2 presents these laminates in the
order that the layup was incrementally developed.
Figure 8.2 shows the stiffness calculated using CLT for several layups includ-
ing the effect of the embedded PZT actuators. The reference plate profile is
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Table 8.2 In-plane (E) and flexural (Eˆ) stiffness results for various glass reinforced plate
layups and materials. Plates a, b and c are modelled, while plates 1 and 4 were mechanically
tested.
EX EY EˆX EˆY
Description Resin Layup (GPa) (GPa) (GPa) (GPa)
Required properties N/A N/A 15.0 5.0 15.0 5.0
Plate a: designed (CLT) Epoxy [CSM/Uni]S 14.5 6.8 7.5 6.7
Plate b: designed (CLT) Epoxy [Uni/CSM]S 14.5 6.8 21.0 5.8
Plate 1: tested Epoxy [CSM/Uni]S 11.0 4.5 18.0 4.0
Plate 4: tested Polyester [CSM/Uni]S 12.5 4.5 6.5 5.5
Plate c: designed (CLT) Polyester [Uni/CSM]S 12.5 4.5 16.2 3.0
based on measured properties for Plate 4, but the plies have been reordered. It
was desired to have the longitudinal stiffness where the actuator is embedded the
same as in the passive sections of the plate, and profile 2 achieves this goal.
8.1.2 Laminate manufacturing technique
A manufacturing method was developed to provide laminates of suitable char-
acteristics to be used for active buckling control. Two stiff and polished plates
of aluminum were used for the lower and upper mould surfaces. The plate used
as the lower mould was approximately 1200 x 370 x 15mm and the upper plate
400 x 330 x 10mm. The plates were separated by 3mm spacers along their longer
sides which controlled the thickness of the laminate. The laminate thickness was
slightly larger than that of the spacers as glass strands and resin would always
get caught between the contact surfaces. It was found that by having the two
ends open (without spacers) it was much easier to roll the laminate and allow
excess resin to flow out at the ends. Figure 8.3 shows Plate 7 curing in the mould.
Approximately 500mls of resin was required to wet out a laminate of dimensions
400 x 300 x 3mm.
The specific manufacturing procedure is as follows:
1. The two plate mould surfaces were initially cleaned using acetone. Four
coats of Frekote r©releasing agent were subsequently applied and allowed to
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Figure 8.2 Schematic showing results for in-plane and flexural stiffness based on CLT calcu-
lations for the standard laminate and two additional layups with embedded actuators. Longi-
tudinal results are shown at the top, and transverse below.
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Figure 8.3 Laminate plate construction.
dry to ensure the laminate did not adhere to the mould.
2. The four glass plies were cut to approximately 400 x 300mm and equipment
prepared before measuring resin and catalyst.
3. Three batches of resin (200ml) were measured, along with 0.6 percent cat-
alyst (by weight), which provided a working time of around 20 minutes.
Using multiple batches allows staggering of the time when different batches
will gel, ensuring the resin still flows when the final plies are layed.
4. The lower mould surface was coated with resin to minimise voids present in
the laminate surface. Individual plies were then placed, resin applied, and
carefully rolled to spread resin and remove voids.
5. The top plate mould surface was also coated with resin before being placed
upon the laminate. Approximately 40kg of weight was used to compress
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the laminate. This ensures the thickness is correct and that excess resin is
removed.
6. The laminate was left in the mould at room temperature for 7 days. This
was to ensure that no warpage would occur in the plate after removal. The
cure can be cured at temperature to reduce time but it must remain in the
mould, otherwise warpage is likely to occur.
8.1.3 Manufactured plate specifications
After perfecting the manufacturing technique Plate 6 was used for subsequent
experimentation. Three plate strips of dimensions 252 x 54mm were cut from
the plate and actuators and sensors were added. Once cut from Plate 6 the
three plate strips were labelled 6.1, 6.2 and 6.3. After actuators and gauges
had been added the three active plate strips were designated A, C and B, in
the order of their construction. Actuator embedding was achieved by machining
cavities into the laminate and using a two part epoxy resin to bond actuators
to the surface. Strain gauges were secured using Micro Measurements MBond
2000 cyanoacrylate adhesive. Table 8.3 lists the active plate strip properties and
Table 8.4 the mechanical properties of Plate 6 estimated using CLT. The flexural
moduli, which have a greater influence on buckling behaviour, can be compared
to the desired orthotropic values from the active plate design: EX = 15GPa
and EY = 5GPa. Although Plate 6 is stiffer than desired in the longitudinal
direction, it is slightly more flexible in the transverse direction. Small changes to
the laminate definition result in large changes to the mechanical properties of the
laminate and therefore Plate 6 is considered to be an acceptable approximation
of the designed orthotropic plate.
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Table 8.3 Common properties of active plate strips.
Material Glass fibre with polyester resin
Layup [Uni/CSM/CSM/Uni]
Laminate thickness 2.90± 0.05 mm
Nominal dimensions 207 x 54 mm
Catalyst level 0.6% by volume
Density 1474kg/m3
Table 8.4 Estimated laminate properties of active plate strips using classical laminate theory.
Ply thickness: CSM 0.95 mm
Uni 0.50 mm
Flexural Modulus: EˆX 23 GPa
EˆY 2.9 GPa
In-plane Modulus: EX 13.7 GPa
EY 4.5 GPa
8.2 Specimen description
Three plate strips were cut from Plate 6, as discussed in Section 8.1.3, to de-
velop into active experimental specimens. Each had dimensions of 252 by 54mm.
The test section length was 207mm, leaving 22.5mm at each end for clamping.
These plate strips have an aspect ratio of approximately 4:1 so they are not pure
Bernoulli bending columns, and will share some characteristics with plates.
8.2.1 Plate Strip A: Embedded actuators & strain gauges
Plate Strip A incorporates embedded Mide´ ACX QP10W Actuators and high
sensitivity silicon strain gauges. The actuators are embedded to achieve a uni-
form flexural rigidity across the entire specimen. Cavities for the actuators were
symmetrically machined into each face of the plate strip, and the actuators were
bonded using an epoxy adhesive. Incorporating the actuators into the layup
during the laminate manufacture was not attempted as it would have been very
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Figure 8.4 Schematic of Plate Strip A cross section at actuator location, showing actuator
embedding details.
difficult to achieve accurate placement, especially in the through thickness direc-
tion, due to the wet layup process used in the laminate manufacture.
Figure 8.4 shows the cross section of the laminate at the actuator location,
showing the embedding depth required to achieve uniform flexural stiffness over
the plate. Adhesive and actuator encasing have also been included as they have
same order of magnitude thickness and were considered during equivalent stiffness
calculations. Figure 8.5 shows the plate strip at different stages of construction.
A pair of BLH SR-4 silicon strain gauges were bonded to the plate strip
surface at both ends, approximately 5mm in from the clamp, one on each side of
the laminate. The largest magnitude bending strain for a fixed-free plate strip
will occur at the very end by the clamp, but this was not considered a suitable
location for gauges due to the local 3D stresses around the clamp. The gauges
have a nominal resistance of 1.17 kOhm, and a gauge factor of 143.7.
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Figure 8.5 Photos of Plate Strip A during construction, starting with the machined blank
at the top to the finished active plate strip at the bottom.
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Figure 8.6 Photos of Plate Strip B illustrating actuator and strain gauge mounting.
8.2.2 Plate Strip B: Surface mounted actuators & strain
gauges
The Mide´ ACX QP15W actuators used on Plate Strip B were bonded to the
surface as shown in Figure 8.6. These actuators were half the thickness of the
QP10W actuators used in Plate Strip A and were therefore rated to half the driv-
ing voltage. The available blocking moment has been reduced by approximately
23 percent when compared to Column A. The lower voltage range is beneficial
as the amplifier (with a constant slew rate) will be able to traverse the full range
faster, effectively increasing actuator responsiveness at higher frequencies.
Conventional metal foil strain gauges (Micro Measurements S2K-00-125AC-
10C) were attached to Plate Strip B, and were approximately 70 times less sen-
sitive then the silicon gauges used on Plate Strip A. The expected resolution is
approximately 5µε. The gauges were wired in a half bridge configuration, so that
the range is not reduced by the in-plane strain component, which at up to 5800µε
is 50% of full output range.
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As the actuators are not embedded, the plate strip no longer has a constant
flexural stiffness and is stiffer in its center region. This increase in stiffness re-
sults in increased buckling loads and dynamic frequencies compared to the finite
element model. Although the load and frequencies will increase, the lower mode
shapes remain essentially the same. The specimen end clamps used in testing on
Plate Strip C and B were redesigned to remedy some of the alignment concerns
found with the initial setup for Plate Strip A. Section 9.1.3 details these changes.
8.2.3 Plate Strip C: Twin actuators and displacement sen-
sor
The actuator used for Plate Strip C had substantially increased authority, com-
pared to those used in the previous two plate strips. The Mide´ ACX QP-20W
actuators have two separate vertically stacked PZT wafers in each actuator as
shown in Figure 8.7, which can be driven independently. The actuators are
mounted on the surface. No strain gauges were included in this plate strip as
the control system used the capacitive displacement sensor to measure the cen-
tral out-of-plane deflection. Hence, one set can be used primarily to eliminate
offset in the plate strip leaving the actuator authority of the remaining pair to
be devoted to controlling buckling.
Figure 8.7 Schematic of Mide´ ACX QP20N Actuator with two PZT wafers encased in a
single actuator. Image has been reproduced from the ACX catalogue.
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Table 8.5 Properties of plate strip finite element model.
Dimensions 207 by 54 mm
Thickness 2.9 mm
Material Properties EX=23 GPa, EY=2.9 GPa
GXY=2.5 GPa, υ = 0.27
Density 1474 kg/m3
Boundary Conditions Ends: Fixed, Sides: Free
Element Size 4.5 mm square
Damping Parameters Frequencies: w1 = 100, w2 = 25000
Damping Ratios: [0.18, 0.25]
Actuator Authority 0.0462 Nm per node (embedded QP10W)
0.0356 Nm per node (surface QP15W)
8.3 Finite element model
The finite element model used for plate strip buckling simulations is based on the
plate model, with several modifications:
• Width reduced to 54mm
• Lateral boundary conditions released (i.e. unloaded sides are free)
• Actuator and sensor configuration adapted to mode shape
The parameters used in the finite element model are listed in Table 8.5. The
critical buckling loads, dynamic frequencies and mode shapes of the model can
be seen in Table 8.6 and Figures 8.8 and 8.9. The actuator moment was spread
over nine nodes so that each of the inner nodes see 0.0425Nm and the two outer
nodes 0.0213Nm, as explained in Section 7.4.
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Table 8.6 Results of plate strip finite element analysis.
Dynamic Frequency 1 276 Hz
2 487 Hz
3 760 Hz
4 1089 Hz
5 1490 Hz
Buckling Load 1 43.3 kN/m
2 88.6 kN/m
3 141.3 kN/m
Figure 8.8 Plate strip model mode shapes for the first three dynamic modes, from mode 1
at the top to mode 3 at bottom.
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Figure 8.9 Plate strip model mode shapes for the first three buckling modes, from mode 1
at the top to mode 3 at bottom.
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Table 8.7 Parameters used for plate strip control optimisation.
Desired load ratio PCR
PCL
1.5
Number of modes (contraction) 20
Optimisation weights: α 1
β 1
γ 1000
8.4 Plate strip control optimisation
The plate strip controller was optimised with a desired load ratio
(
PCR
PCL
)
of 1.5,
and actuator placement as shown in Figure 8.10. The result of this optimisation
was a closed loop critical load of 88.6kN/m, which corresponds to a load ratio of
2.05. This closed loop load is the upper limit to what could be achieved through
controlling only the first mode, as it corresponds to the open loop second buckling
mode load. The closed loop mode shapes can be seen in Figure 8.11 and the
parameters used for optimisation are given in Table 8.7. Figure 8.12 shows the
plane-strain deformation for the fundamental buckling mode, which was used to
determine strain gauge locations and orientations.
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Figure 8.10 Actuator location on plate strip model where circles represent nodes where
actuator generated moment is applied to the model. Filled circles represent positive moments,
while hollow circles represent negative moments. The diameter of the circle is representative of
the magnitude of the moment applied.
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Figure 8.11 Deformed shapes for the first (88.6kN/m) and second (101.2kN/m) closed-loop
buckling modes (left and right).
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Figure 8.12 Lowest buckling mode strain components; εX (longitudinal) and εY (transverse).
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8.5 Simulation results
8.5.1 Plate Strip A
A control simulation was performed on Plate Strip A to ensure that the optimised
controller could be successfully implemented given the hardware available. Table
8.8 shows the parameters used in this simulation. This simulation assumes the
amplitude of mode one can be measured.
Table 8.8 Plate Strip A: Control simulation parameters.
Noise Power 5× 10−11
Actuator Authority ±0.0462 N/m
Control Sampling Rate 10 kHz
Simulation Duration 0.25 seconds
The assumed noise power of 5× 10−11 is equivalent to an amplitude of 10µε
in strain measurement, which is a conservative estimate. An initial transverse
displacement imperfection equal to 5% of the plate strip thickness was assumed.
The simulation proved to be stable up to 89kN/m, which is equal to the designed
closed loop limit.
8.5.2 Plate Strip B
Dynamic simulations were performed on Plate Strip B to predict experimental
performance. Two sets of results are presented.
The first set assumes 100% of the actuator rated force is available and the sec-
ond assumes 20%. The lower actuator authority range represents the case where
80% of the actuator authority was required to constantly correct for an initial
curvature in the plate strip. In these simulations it is the central out-of-plane
deflection that is used as the sensor input. The noise level in this measurement
is assumed to be ±7.5µm, which corresponds to a noise power of 10−15. Table
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Table 8.9 Plate Strip B: Control simulation parameters.
Noise Power 1× 10−15
Actuator Authority (100%) ±0.0356 N/m
Optimised Load 70 kN/m (1.62PCR)
Control Sampling Rate 50 kHz
Simulation Duration 0.25 seconds
8.9 shows the parameters used in the simulations. The results of these two sim-
ulations can be compared in Table 8.10 and Figure 8.13. Reducing the actuator
authority to 20% is seen to have a large negative impact on the performance of
the control system, with a drop to P
PCR
= 1.28.
Table 8.10 Results showing effect of lower available actuator authority due to initial constant
voltage offset required to correct for initial curvature.
Uncontrolled 20% Actuation 100% Actuation
PCR (kN/m) 43.3 55.5 70
PCL
PCR
1.00 1.28 1.62
Max Init Disp (mm) 0 0.001 0.1
Max Init Vel (mm/s) 0 10 50
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Figure 8.13 Plate Strip B: Simulation results for 20% (left) and 100% (right) actuator au-
thority.
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8.5.3 Frequency response analysis
The frequency response of the system, between the actuator input and sensor
output, was simulated and subsequently measured using a white noise source and
a spectrum analyser. This approach allowed comparison of the simulation model
to the experimental system, which included transport delay through hardware.
The gain and phase margins were determined to estimate the stability of the
closed-loop system. A detailed explanation of the role of frequency response
analysis in control system design is provided by Franklin [30]. Theoretically, it is
enough that both the phase and gain margins be positive for stability. In practice
a phase margin of more than 30◦ is considered desirable.
Figures 8.14 and 8.15 show the uncontrolled and controlled modelled fre-
quency responses for the unloaded and loaded cases. The loaded case incorpo-
rates a load P=1.5PCR, which is greater than the open-loop buckling load, but
less than the closed-loop buckling load. The loaded but uncontrolled case should
therefore be unstable as it is loaded past the critical load, while all other cases
should be stable. Both figures use the central OOP deflection as a feedback error
signal.
For the unloaded cases shown in Figure 8.14 the phase margin for the uncon-
trolled case is 7◦ and the gain margin is undefined as the phase does not fall below
−180◦. The unloaded and uncontrolled system is therefore stable as expected.
The unloaded and controlled system is also stable with an improved phase margin
of 18◦, which is also as expected. The effect of control is to increase the stability
and damping as seen in the increased phase margin. When a compressive load
larger than the critical buckling load is applied, the uncontrolled case (Figure
8.15) becomes unstable. The phase margin reduces to 0◦, and the gain margin
to 0dB. As expected, the controlled case remains stable at this load with a phase
margin of 20◦.
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Figure 8.14 Controlled and uncontrolled simulated frequency response for an unloaded plate
strip.
101 102 103
−40
−20
0
20
Frequency (Hz)
M
ag
ni
tu
de
 (d
B)
101 102 103
−200
−150
−100
−50
0
Frequency (Hz)
Ph
as
e 
(de
gre
es
)
P >PCR (uncontrolled)
P >PCR (controlled)
−160° 
Figure 8.15 Controlled and uncontrolled simulated frequency response for a plate strip
loaded in compression (P=1.5PCR).
Chapter 9
Experiment design and construction
9.1 Compressive loading system design
A custom test rig for the compressive loading of active plate strips was built
and required considerable design given the large loads required. Traditional com-
pressive loading rigs consist of a sliding hydraulic or motorised screw crosshead.
The sliding crosshead is usually located using expensive, precision linear bear-
ings. Bearing stiction in this design is always a concern and can introduce jolts
that make active control of an unstable system much more difficult. Compressive
testing is also very intolerant of loading misalignment, as even a small off-axis
loading will cause an initial curvature, which would dramatically reduce the ef-
fective compressive strength of the specimen.
The design that was developed for this research utilised a hinging crosshead
to eliminate the need for sliding parts. A hinging system approximates in-plane
loading for small end displacements, as the angle of loading is related to the hinge
length and the crosshead displacement. For this application it was found that a
crosshead displacement of less than 1mm was required to load the active plate
strips to the designed closed-loop buckling loads. Figure 9.1 shows a concept
sketch of such a test rig for a plate specimen.
Table 9.1 lists plate strip details and loading rig requirements for several
active plate designs. Important figures are the equivalent end deflection of the
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Figure 9.1 Test rig concept.
specimen under load, which dictates the maximum crosshead displacement, and
the third mode buckling load, which is the maximum force required if control
of the first two modes is achieved. The maximum force required and crosshead
displacement can be seen to be in the range of 10 − 22kN and 1.8 − 2.8mm
respectively.
It is desirable to have load based control for the compressive loading system
as displacement based control might encounter problems around buckling loads
and when interacting with the active stiffness controller operating on the plate
strip. A pneumatic bellow was chosen for rig actuation as it will apply a relatively
constant load, independent of small changes in bellow extension that may occur
due to buckling and active control of the plate strip. The maximum loads required
for the plate model are achievable from pneumatics, but are near the upper limit
given standard line pressure and size constraints. The simplicity of a passive load
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Table 9.1 Loading and deflection requirements of the loading rig.
Nominal Flexible Stiff Stiff
Layup Layup Layup II
Thickness (mm) 3 3.4 3.4 3
Width (mm) 200 200 200 200
Length (mm) 300 300 300 300
In plane stiffness (GPa) 15 12.5 12.5 13.7
(kN/mm) 30.0 28.3 28.3 27.4
Out-of-plane stiffness (GPa) 15 6.3 16.2 22.2
Mode 1: Buckling load (kN) 5.82 5.84 7.96 6.48
Equivalent end disp. (mm) 0.194 0.206 0.281 0.236
Mode 3: Buckling load (kN)* 14.24 10.56 21.8 17.54
Equivalent end disp. (mm)** 0.475 0.373 0.769 0.640
BL3 / BL1 2.45 1.81 2.74 2.71
* Maximum force required
** Maximum stroke required
control system, such as pneumatic bellows, is an additional desirable feature.
9.1.1 Plate buckling reaction forces
A nonlinear buckling analysis was performed in Ansys r©to determine the order of
magnitude of the reaction forces and displacements that must be accommodated
by the entire loading rig during operation. The loads were initially estimated
using a linear buckling analysis, whose results are listed in Table 9.2. There are
two main components to the overall reaction forces:
The first requirement is the out-of-plane force (FZ) which is transmitted from
the plate to the support structure due to buckling deformation. This load will be
spread over both the side and end constraints. Assuming control of the lowest two
modes is successful, the nonlinear model has been perturbed with initial out-of-
plane (OOP) loads that resemble the third mode shape, and has been constrained
in the transverse direction at the center. The initial perturbation and resulting
buckling mode can be seen in Figure 9.2, and the results from this analysis can
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Table 9.2 Buckling load results from linear analysis.
Open Loop: Mode 1 8 kN
Mode 2 12.4 kN
Mode 3 21.8 kN
Closed Loop: Mode 1 17.7 kN
be seen in Table 9.3. The OOP loads are small at less than 100N and therefore
will not require specific design detail. This analysis also shows an end load (FX)
of 21.76kN which is the applied compressive load and corresponding reaction
load at the two ends of the plate. A moment (MY) of 17.3Nm will need to be
accommodated at each end constraint to ensure a fixed-fixed boundary condition
is approximated.
Second, as the plate is simply supported along the unloaded edges it will
expand across its width due to Poisson’s ratio coupling these strains. A nonlinear
analysis was performed on a flat plate with no perturbation to estimate this
expansion. The plate was loaded to the critical load for the third mode, and
the results are given in Table 9.4. The schematic in Figure 9.3 summarises the
reaction loading requirements for the rig. To achieve the desired compressive load
the plate contracts 0.66mm along its length and expands 0.12mm across its width.
This free expansion across the width of the plate will need to be accommodated
Figure 9.2 Resulting OOP deflection for nonlinear analysis with the initial perturbation
(left) and final buckled deflection (right).
9.1 COMPRESSIVE LOADING SYSTEM DESIGN 89
Table 9.3 Resultant forces on support structure at full load.
Maximum Loading Point: Applied Load 21.76 kN
UX 0.82 mm
Max UZ 3.0 mm
Max UY 0.0426 mm (center of each side)
Required Support Loads:
End 1 FX 21, 764 N
FZ 54 N
MY 17.3 Nm
End 2 FX -21, 764 N
FZ 54 N
MY -17.3 Nm
Side 1 FZ -72.8 N
Side 2 FZ -72.8 N
** The plate buckled after 36 seconds, when the load was 18.95kN
within the rig so that no reaction force is applied in the transverse direction.
Figure 9.3 Summary of loading support forces.
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Table 9.4 Results from nonlinear analysis of the loaded plate when no OOP perturbation is
applied.
Applied Load 21.79 kN
End Compression 0.66 mm
Central OOP Deflection 0 mm
Side Expansion (each side at center) 0.0592 mm
9.1.2 Plate strip loading frame
Prior to construction of the plate strip loading rig, which applies fixed-free plate
constraints, a more detailed analysis of the loading mechanism was performed.
The nonlinear model in this analysis included both the plate strip and the load-
ing rig hinge. This expanded model allowed the dimensions of the hinge to be
optimised to avoid premature buckling due to a poor approximation of a fixed
end constraint. The plate strip model was built using a laminate material defini-
tion to best approximate the actual plate strip. The finite element model of the
laminate plate strip and steel hinge can be seen in Figure 9.4.
The result of a series of analyses was a hinge that incorporated a stepped
thickness. The central region of the hinge, which is lightly shaded in Figure 9.4,
has a thickness of 10mm, while the outer area is 1mm. This feature minimised ro-
tation of the central region that otherwise caused premature buckling. The hinge
extends 800mm in both directions from where the plate strip is clamped, and
each end is fixed. The flexibility conferred by the thin section of the hinge lowers
the overall hinge stiffness so that the majority of the load applied is transferred
to the plate strip, rather than out through the hinge.
The maximum required loading for the plate strip as designed is 5kN. This
value is approximately the second mode critical buckling load, assuming that the
first mode is successfully controlled. The nonlinear model was loaded to this
limit, and the plate strip perturbed to approximate the resulting defection and
stress. Figure 9.5 displays the resulting deflections if the plate strip buckles. The
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Flexing
Hinge Active
Plate Strip
Figure 9.4 Nonlinear finite element model of the composite plate strip and the steel support
hinge (vertical), where the lighter shaded region illustrates an area of increased thickness.
hinge was also analysed to ensure that it could withstand the entire 5kN load in
the case that the plate strip failed. It was found that mechanical stops would
need to be incorporated to restrain the hinge from taking the entire load as it
would otherwise fail.
After the hinge design was optimised the surrounding support structure was
designed using standard steel sections. A solid 3-D model of the resulting loading
rig was created and used for manufacture. The solid model can be seen in Figure
9.6 and the loading rig as constructed in Figure 9.7.
92 CHAPTER 9 EXPERIMENT DESIGN AND CONSTRUCTION
Figure 9.5 Resultant deflection of plate strip and hinge for nonlinear finite element analysis.
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Figure 9.6 Solid model of buckling test rig.
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Figure 9.7 Photos of active plate strip in buckling rig during commissioning.
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Figure 9.8 Buckling of a laminate plate strip in the test rig during initial experiments.
9.1.3 Loading rig clamp redesign
During initial testing of the plate strip test rig (Figure 9.8) it was found that the
buckling behaviour was extremely sensitive to the setup of the two end clamps.
Slight torque adjustments on the six bolts in each clamp caused large variations
in out-of-plane bending behaviour. This variability is extremely undesirable as
buckling experiments are not repeatable and ideal buckling behaviour is difficult
to achieve due to the added applied moment. Hence, the top clamp was re-
designed to use fewer parts and was machined to a higher tolerance. This change
dramatically improved test repeatability, correlation to ideal buckling behaviour,
and increased the repeatability. The drawings for the improved clamp can be
found in Appendix A.1. Experiments with Plate Strip A used the original clamp,
while Plate Strips B and C used the redesigned clamp.
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Figure 9.9 Dynamic response of the Piezo Systems EPA-102 amplifier.
9.2 Electronic hardware
9.2.1 Amplifier dynamics
Piezo actuators require driving voltages of up to ±200 volts to generate maximum
blocking force. Piezo amplifiers have a maximum slew rate dependent on their
peak current capability that, when adjusted for the capacitance of the actuator
load, will result in a frequency response that resembles a low pass filter with
a finite response time. Figure 9.9 shows the manufacturer supplied frequency
response for the Piezo Systems EPA-102 amplifier used in all the experiments.
Testing was performed to confirm the frequency response specification pro-
vided by the manufacturer. The amplifier output was connected to the two ac-
tuators on Plate Strip B, as this setup provided a representative capacitive load
on the amplifier. The Mide´ ACX QP15W actuators used in Plate Strip B have a
combined capacitance of 0.32µF and a maximum operating voltage of ±100 volts.
Figure 9.10 shows the frequency response measured using a white noise source
between the amplifier input and high voltage output under load. The amplitude
starts to drop off around 300Hz, while the datasheet in Figure 9.9 indicates it
should be closer to 1kHz for 0.32µF at 100 volts. This difference is likely due to
additional capacitance in the connections and wiring between the amplifier and
actuator.
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Figure 9.10 Measured frequency response of Piezo Systems EPA-102 amplifier.
9.2.2 Control hardware
A Sheldon Instruments r©SI-C33DSP-PCI PC based digital signal processor (DSP)
was used for signal processing, control implementation and data acquisition. The
DSP card, programmed using Labview r© , accommodates up to 64 input and 4
output channels, scanning 1-16 channels multiplexed at sampling rates of up to
250kHz.
9.3 Commissioning and calibration of test system
The first round of tests with Plate Strip A was used to calibrate the various
sensors and actuator outputs, as well as the test rig. Details of the sensors and
actuators used, along with operating ranges and calibration factors can be found
in Appendix A.2.
9.3.1 Plate strip actuation and deflection sensing
Calibration was performed with the active plate strip unloaded, but clamped
in the loading rig. A 100 volts peak to peak sinusoidal signal at 1 Hertz was
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Figure 9.11 Central OOP deflection for a low frequency sinusoidal input of amplitude ±100
volts.
provided to the actuators. Central OOP deflection was measured using both
the laser and capacitance distance sensors. A finite element analysis predicts a
central OOP deflection amplitude of ±0.06 mm. Figure 9.11 shows the results
of this experiment. The central deflection measured by the capacitive and laser
sensors are overlaid and seen to have very good correlation with results between
−0.07 and 0.06mm. The maximum difference is seen at the peak, where the laser
sensor overshoots by approximately 6µm (10%). The amplitude of the deflection
is also very close to that predicted from the finite element modelling. Allowing for
the slight DC offset present in the measured signals the difference in amplitude
between the finite element model and capacitive sensor is 2µm (3.3%). This close
agreement between the test and the finite element model verifies the estimated
material properties and approximated actuator authority calculations that were
made while setting up the finite element model.
9.3.2 Load cell
The load cell was used in conjunction with a Vishay P3500 strain amplifier, which
provides both a strain readout and an amplified output signal in the range from
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Table 9.5 Calibration of load cell using dead weights.
Weight Load Strain Readout Voltage Out
kg N µε mV
0 0 3 0.2
5 49.05 47 12.3
10 98.1 96 24.6
19.1 187.37 186 46.9
28.2 276.64 276 69.2
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Figure 9.12 Calibration of load cell using dead weights.
0-5 volts. The strain amplifier has both a readout in µε and an adjustable gain
output voltage signal that is proportional to strain. The amplified output gain
was set to give a output scale of 4000 N
volt
. Calibration was performed by hanging
dead weights from the load cell. Due to practical limitations only the lower 5%
of the full range of the load cell was calibrated. The gauge factor of the amplifier
was set to 1.335 so that 1µε was equivalent to 1N. The measured values from the
calibration can be seen in Table 9.5 and Figure 9.12, and are both highly linear.
9.3.3 Pneumatic bellows
The force generated by the bellows is dictated by both air pressure and bellows
extension. For this calibration the bellows were extended 77mm, and this exten-
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Table 9.6 Load-pressure relationship for pneumatic bellows extended at 77mm.
Load Pressure
N kPa
500 93
1000 177
1250 217
1500 259
0 200 400 600 800
0
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ad
 (N
)
Figure 9.13 Load-pressure relationship for pneumatic bellows extended at 77mm.
sion will change by less than 1mm due to deflection of the plate strip over the
course of the tests. Table 9.6 and Figure 9.13 show the results from this test.
The relationship is seen to be linear with a slope of approximately 5.88 N
kPa
and
zero load offset pressure of 10kPa.
9.3.4 Transport delays
As discussed in Section 7.6.2 the delay in the feedback path is critical to con-
troller performance. Transport delays through components in the feedback path
were measured so their effect could be gauged. Table 9.7 lists the measured or
manufacturer-specified delays through the main components.
The delay through the DSP processor, including analogue to digital con-
versions was measured and depends on both the sampling rate (FS) and level
of computation required. Assuming that the algorithm can be fully computed
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Table 9.7 Transport delays through hardware in control feedback loop.
Hardware Delay Comment
Discrete Filter N×TS
2
Approximate delay for a discrete
filter with N taps
DSP (I/O + Computation) 1
FS .#Channels
Minimum delay through DSP card
Piezo Amplifier 140 µs Step response: -45V to + 45V
60 µs Sinusoidal input below 1kHz
Strain Conditioning 35 µs Rise time (10-90 % full range)
250 µs Settling time to 0.1 %
Capacitive Sensor 50 µs
within one sampling period the maximum delay through the card is 2.TS, where
TS is the sampling period. This absolute delay can be kept small relative to the
closed loop fundamental frequencies by using high sampling rates and utilising
channels near the end of the multiplexer scan list. However, there is still up to
two sampling periods between measurement and actuation, which may cause a
reduction in peak controllable axial load.
9.4 Digital differentiators and smoothing filters
In order to implement derivative feedback control using displacement sensing it
was necessary to design a discrete derivative filter, where the two main parameters
that dictate filter performance are the discrete sampling rate and the filter order.
Simple derivative filters have frequency responses that resemble a high pass filter
and therefore introduce undesired effects such as time delay and high frequency
amplification. A comprehensive comparison between various digital derivative
filters and design techniques is presented by Chen [31]. Smoothing filters were
also designed for the proportional feedback path to reduce electrical noise in the
control signal.
To design filters a bandwidth needs to be chosen over which the frequency re-
sponse is considered important. A bandwidth of 1kHz was chosen as it contained
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Figure 9.14 Frequency response of a first order FIR direct derivative filter.
the lowest three dynamic vibration modes. For discrete sampling the Nyquist
theorem dictates a minimum sampling rate of 2.FS, or 2kHz for the chosen band-
width. This sampling rate was used to design and compare the discrete feedback
filters. The coefficients required for implementation of all designed filters can be
found in Appendix A.3.
9.4.1 Derivative feedback filtering
Initially, two types of finite impulse response (FIR) derivative filter were modelled.
Figure 9.14 shows the frequency response for a simple two point derivative filter.
The response of this filter resembles a high pass filter and attenuates frequencies
below 0.1×FS. The phase response for this filter is linear, and the total delay is
TS
2
, which corresponds to 250µs with a sampling rate of 2kHz, and the passband
spans from approximately 200Hz up to 1kHz. High frequencies are amplified,
which resulted in higher mode instabilities excited by high frequency noise in
the feedback signal. In addition, low frequencies, as occur when the closed loop
system is near buckling, are attenuated.
The second FIR derivative filter was designed with the aim of reducing high
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Figure 9.15 Frequency response of a tenth order low pass quadratic FIR digital derivative
filter.
frequency amplification through the inclusion of a low pass filter. The design
technique makes used of constrained quadratic programming to obtain a best fit
to the required response. Figure 9.15 shows the frequency response for a tenth
order implementation of this filter. The delay through the filter can be calculated
as N×TS
2
, where N is the filter order. Therefore, the delay in the tenth order filter
is 10 times that of the simple 2 point filter. Both of these delays are unacceptable
at practical sampling rates as the simulations in Section 7.6.2 show a maximum
acceptable transport delay of 10µs before control performance is dramatically
reduced.
Due to the unacceptable delay associated with high order FIR filters, infinite
impulse response (IIR) filters were designed, which can achieve similar results
with a reduced order and hence a lower transport delay. Stability is not guaran-
teed with IIR filters, and the phase response is nonlinear. The frequency response
for a second order IIR derivative filter designed using a combination of Simpson
and trapezoidal techniques can be seen in Figure 9.16. The approximate delay
through the filter is N×TS
2
= 750µs assuming a sampling rate of 2kHz. This
IIR filter is stable and has a wide passband with a reasonably flat magnitude
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Figure 9.16 Frequency response of a second order inverse Simpson and trapezoidal IIR
derivative filter.
response. This filter was determined to be the most suitable for active control
as it provided the best magnitude response over the frequency range of interest,
although the transport delay is much larger than the 10µs found to be critical
during simulations. Due to the tradeoff between sampling rate and delay, this
system can either achieve the desired delay or desired passband frequency, but
not both.
9.4.2 Proportional feedback filtering
Two smoothing filters were designed and considered for use in the proportional
feedback path. Figure 9.17 shows the frequency response for a ninth order FIR
moving average filter. This is a simple and commonly used filter that is used to
tradeoff noise against bandwidth. For a sampling rate of 2kHz this filter would
reduce the bandwidth to approximately 150Hz and add a time delay of 2.25ms,
which is unacceptably high.
Figure 9.18 shows the frequency response for an alternative IIR low pass
smoothing filter. The goal of this design was to create a low pass filter with a
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Figure 9.17 Frequency response of a ninth order FIR moving average smoothing filter.
similar phase response, and hence delay, to the second order IIR derivative filter
employed. By matching phases between the two filters the proportional and
derivative signal paths will remain ninety degrees out-of-phase for the frequency
range of interest, which is important for controller stability. This Butterworth
IIR filter was designed using the filter design toolbox in Matlab r© . The transport
delay associated with this filter is 750µs and the passband is approximately 0 to
800Hz.
The two IIR filters designed for the derivative and proportional feedback
paths were implemented in the active controller. Another difficulty that arose
during the design of filters for this application was the variation of vibration
frequencies due to compressive loading of the plate strip. Under compression the
plate strip fundamental frequency will reduce from approximately 270Hz to below
100Hz, and then ultimately to 0Hz when the critical load is reached. Hence, it is
very important to keep the lower passband limit as low as possible.
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Figure 9.18 Frequency response of a second order low pass Butterworth IIR smoothing filter.
Chapter 10
Laminated plate strip experiments
10.1 Experimental method
The plate strips were loaded in compression using the purpose built test rig
described in Section 9.1.2. Sensor details, including calibration constants, oper-
ating ranges and power supply requirements are listed in Appendix A.2. Figure
10.1 shows the pneumatic control valve and readout. Table 10.1 lists the available
software routines written for Labview r©5.1 and application notes. Both controlled
and uncontrolled cases were performed using the following test procedure:
1. Turn on power supplies and signal conditioning equipment. Strain gauge
and load cell circuits require time to warm up.
2. Ensure the pneumatic precision regulator is fully open (zero outlet pres-
sure). Open the bottle and line valve, then set both the bottle and line
regulators to approximately 6 bar.
3. Balance strain gauge and load cell circuits to give zero output. Strain
gauges are balanced by adjusting the potentiometer on the front of the
signal conditioning enclosure, and the load cell by adjusting the balance
control on the P3500 conditioner.
4. With the computer running load the appropriate Labview r©acquisition and
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control routine. Before running the routine set static parameters such as
sampling rate, filename for data storage, and digital filter definitions.
5. Start the routine. After ensuring the sensors are near the center of their
range, set the software offsets to reflect the current zero position and start
streaming acquired data to disk.
6. Using the precision regulator shown in Figure 10.1 slowly load the plate
strip, while paying attention to the load and plate strip central deflection.
A rate up to 50N per second is suitable up to around 1.5kN. Above this
load the pressure (load) should be increased slowly while keeping an eye on
the out of plane deflection / bending strain to ensure the load is not set
well past PCR to protect the laminate.
7. If the system is running closed-loop, it is important to be able to quickly
reach the piezo amplifier power switch in case the system becomes unstable.
8. Load the plate strip to the point where buckling occurs, although it is
recommended not to exceed a central out-of-plane deflection of 1mm. This
limit will ensure that the specimen is not permanently damaged. Unload
the plate strip slowly, noting how close zero load deflections reflect those
prior to loading.
Table 10.1 Application notes for available control routines.
Filename Application
Strip ControlRoutine FIR DispBased.vi Capacitive displacement based
control using FIR filters on
input signals.
Strip ControlRoutine FIR StrainBased.vi Bending strain based control using
FIR filters on input signals.
Strip ControlRoutine IIR DispBased.vi Bending strain based control using
IIR filters on input signals.
Strip IIR FreqRespCompensator DispBased.vi Capacitive displacement based
control using an IIR compensator
based on system frequency response.
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Figure 10.1 Pneumatic loading system and controls.
10.2 Experimental results
For analysis and comparison of experimental results between various strips and
configurations a standard gauge of buckling was defined. During calibration of
Strip A (Section 9.3.1) it was found that the maximum central deflection that
could be induced by a pair of embedded QP10W actuators was ±125µm, which is
approximately 4% of the laminate strip thickness. When deflections are greater
than this limit the actuators no longer possess the authority to correct the bending
and the strip will buckle. This standard limit was used for all experiments to
determine the point of buckling.
10.2.1 Plate Strip A
Substantial effort was required to create the fixed boundary conditions using
the original design clamps. There were six bolts in each clamp, which allowed
freedom to slide the clamp by several millimeters. This freedom resulted in low
repeatability, especially if the clamp was loosened and the plate strip adjusted or
reinstalled between runs.
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Figure 10.2 Plate Strip A: Central deflection under compressive loading with constant con-
trol offset.
Ideal buckling load-deflection curves display very little out-of-plane deflection
until the buckling load is reached, where it turns almost vertical before failing.
The initial results from Plate Strip A shown in Figure 10.2, for the case with
0Vdc offset, displayed appreciable out-of-plane deflections from the beginning of
loading, culminating in premature buckling at 1210N, where the expected load
from nonlinear finite element analysis was 1855N. This behaviour is the result
of initial curvature in the plate strip. A constant correcting moment from the
actuators can correct for initial curvature, providing the magnitude is within the
actuator authority range and the deformed shape is compatible with the actuator
configuration. The experiment was repeated with various values of constant ac-
tuator offset, until the value was found where the resulting curve resembled that
of ideal buckling.
10.2 EXPERIMENTAL RESULTS 111
0 500 1000 1500
−150
−100
−50
0
50
Compressive Load (N)
Be
nd
in
g 
St
ra
in
 (u
e)
Lower Pair; +40 Vdc
Upper Pair; +40 Vdc
Upper Pair; +90 Vdc
Lower Pair; +90 Vdc
Below Nominal Range 
Figure 10.3 Plate Strip A: Measured bending strain under compressive loading with constant
control offset of 40Vdc.
Figure 10.2 also shows the effect of different constant bending moments on
the buckling behaviour of plate strip A. A constant offset of 40 volts (20% of full
range) resulted in a load-deflection curve that resembled that of ideal buckling.
The central deflection along this curve is seen to gradually deflect in the positive
direction while the load is ramped up, followed by sudden buckling in the negative
direction. It is not apparent from this plot alone why the direction of OOP
deflection changes at a certain point. One explanation for this could be unaligned
loading, which initially pushes the plate strip in one direction, until the plate strip
preferential buckling direction takes over at higher loads pushing in the opposite
direction.
Bending strain was calculated by finding the difference between strain gauges
on opposite surfaces of the laminate. One pair of gauges was bonded to each end
of the plate strip so that both an upper and lower end bending strain could be
calculated. The upper end bending strain refers to the end closest to the load
cell, while the lower end is near the bellows.
Bending strain plots can be seen in Figure 10.3. These plots show the limited
nominal range over which the measured strain is known to be linear. The dynamic
range of the strain measurements was limited by the high gauge factor, and signal
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Figure 10.4 Plate Strip A: Approximation of modal amplitudes through combination of
upper and lower bending strains. Constant control offset of 40VDC. Nominal range dictated
by point where first pair of gauges becomes out of range in Figure 10.3.
conditioning electronics. Overall, these strain gauges were too sensitive for this
application; a gauge factor between 10 to 40 would be more suitable.
There is considerable variation between the upper and lower bending strains
in Figure 10.3. This variation is probably due to the plate strip deforming in
a combination of the first two buckling mode shapes due to the random initial
curvature and nonuniform loading. For the first mode, the bending strains would
be of equal magnitude and sign, whereas in the second mode the two strains
would be of opposite sign. Figure 10.4 displays an approximation of the modal
amplitudes for the first and second modes based on the sum and difference of
the measured lower and upper bending strains. Mode one shows an almost linear
increase from zero load, while mode two initially deflects in one direction before
changing direction and deflecting in the opposite direction. Although Figure 10.4
only contains plots for the experiments with a 40Vdc offset, the pattern is similar
for other offset voltages.
Figure 10.5 displays a comparison of the experimental results for Plate Strip
A to those found in linear and nonlinear finite element analysis. The initial
perturbation for the nonlinear analysis was approximately 1µm. Plate Strip A,
with no curvature correction applied, buckled at 65% of the load predicted by
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Figure 10.5 Plate Strip A: Comparison to finite element solutions for plate strip model.
the nonlinear model, and 52% of the linear eigenvalue solution. In attempting
to correct for the initial curvature the buckling load was increased to 75% of
the nonlinear model. The curvature correction was not fully successful due to
either the initial curvature not being of a mode one shape, as the actuators can
only actuate into a mode one shape, or because the assumed model was too
conservative.
The buckling behaviour of Plate Strip A was significantly different from simu-
lations, and displayed little repeatability. It was concluded that one or more of the
operations performed to embed the actuators either released residual stress from
the laminate manufacture, or accentuated an unsymmetrical layup. Combined
with the difficulty encountered setting up the correct boundary conditions with
the clamps, this situation resulted in behaviour that was unpredictable and there-
fore uncontrollable. For this reason it was decided not to embed the actuators
on subsequent plate strips, and to redesign the clamping method. An increase in
buckling load of 16% was achieved in Plate Strip A, from the correction of initial
curvature using a constant actuator offset.
The high gauge factor silicon strain gauges used in Plate Strip A, were too
sensitive, resulting in an small operating range of approximately ±80µε. No
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gauges were available with an intermediate gauge factor between conventional
metal foil gauges that have a gauge factor of around 2 and silicon gauges that
have a gauge factor of over 100.
10.2.2 Plate Strip B
Prior to testing of Plate Strip B the upper loading rig clamp was redesigned.
Reducing the number of parts and bolted joints made a substantial improvement
to the repeatability and the resulting behaviour better resembled a buckling case.
The increase in plate strip flexural stiffness from the addition of unpowered
actuators on the surface can be seen by comparing the blank plate strip test
to Plate Strip B with no voltage offset. Figure 10.6 shows the buckling load
increase from 1465N to 1720N, which is purely from the additional stiffness of
the unpowered actuators in the central region of the plate strip. This additional
stiffness is not represented in the finite element model and therefore simulation
results shown in Figure 10.6 are estimated to be approximately 250N lower than
if the additional stiffness was taken into account. The case, where Plate Strip B
has no voltage offset, displays relatively good agreement with the nonlinear finite
element solution. These results can also be compared to Plate Strip A (Figure
10.5), which used the old upper clamp and had actuators embedded into the
laminate. The buckling load from the best curvature correction attempt on Plate
Strip A was 1400N.
For Plate Strip B, the best constant offset to correct for initial curvature was
found empirically to be 78 volts (78% of full range). This result increases the
buckling load from 1720N to 2265N as seen in Figure 10.6. This load is higher
than the results of the nonlinear FEA, but the additional stiffness from having
the actuators bonded to the surface was not included in the nonlinear model.
This buckling load is also approaching the linear eigenvalue solution of 2340N.
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Figure 10.6 Plate Strip B: Central deflection under compressive loading with constant control
offset.
The buckling curve for a 78 volt offset is very close to an ideal buckling case and
out-of-plane deflection in this case was within 10µm (0.3% of laminate thickness)
until buckling initiated. In addition, this deflection curve in Figure 10.6 is also
very close to ideal.
Figure 10.7 shows the measured bending strains for constant curvature cor-
rection of Plate Strip B. This plot shows that in both cases the deflection is a
combination of modes one and two. The reason for this multi-mode response
could be misalignments in the loading rig as shown schematically in Figure 10.8.
Part of that misalignment could be due to nonuniform contact between the end
plate strip face and the clamp, causing an offset in load transmission, and a
second part of it from imperfections in the plate strip. This second mode de-
flection is subsequently triggering premature mode one buckling as it cannot be
controlled with this actuator configuration. As control is only implemented on
the first mode, there is nothing that could be done to correct for the second mode
deflection.
One major concern with Plate Strip B was that by requiring a constant
voltage offset of 78% of actuator authority to correct for initial curvature, only
22% remains for active buckling control. The effect that this reduction in actuator
authority would have on controller performance was simulated in Section 8.5.2.
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Figure 10.7 Plate Strip B: Measured bending strain under compressive loading with constant
control offset.
Figure 10.8 Schematic of misaligned loading causing a second buckling mode deflection.
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Closed-loop performance was reduced from a load ratio of 1.62 to 1.28. Keeping
this result in mind, the next step was to attempt active buckling control while
maintaining the 78 volt curvature correction offset.
The error signal used in the control loop was the average strain signal from
the upper and lower gauge pairs. The set point (desired equilibrium position)
for control was set at the deflection seen at a load of 2kN (85% of PCR). Ini-
tially the optimised control gains (Section 8.4) were trialled. The result was an
unstable closed loop system, at zero or any compressive load on the plate strip.
When turned on, the feedback loop would oscillate at the fundamental dynamic
frequency with an exponentially increasing amplitude. It was found that if the
control gains were uniformly lowered, the instability would no longer occur. Var-
ious sampling rates and filtering schemes were tried, but the optimal gains did
not prove feasible. The reason for this was that possibly the plate strip has been
assumed to display Bernoulli-Euler column behaviour when in reality it closer
mimics plate bending behaviour. Another possible factor in this instability was a
larger than predicted transport delay through the system. The characteristics of
the piezo amplifier and signal conditioning amplifiers were not incorporated into
simulations, which would account for the underestimation of delay in the model.
Other differences between the simulations and experiments include the nonlinear
plate strip behaviour, additional stiffness due to actuators mounted on the sur-
face and the limited bandwidth of the controller. Control gains were thereafter
found empirically, by finding the control gain stability limit at no load, and using
a gain 25% lower than the limit.
Figure 10.9 shows the result of an attempt to actively control buckling using
a PD control routine. Empirically determined control gains are given in Table
10.2. The control loop was operating at 100Hz and using 52 point FIR filters for
averaging and derivative calculations. This configuration has a very low band-
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Figure 10.9 Plate Strip B: Results of strain based feedback control.
width of only a few Hertz and therefore will not interact with the dynamics of
the plate strip. This low bandwidth controller was found to be more stable than
a high bandwidth controller, but will not achieve the designed controlled buck-
ling load due to its inability to control the fundamental vibration modes of the
plate strip. The active control has succeeded in increasing the buckling load from
around 2175N to 2340N (7.6%). The limited control authority, due to 78 volt
offset, would have limited this result.
Table 10.2 Empirically found control gains for Plate Strip B.
G1 (Proportional) 0.06V/µε
G2 (Derivative) 0.02V/µε
In Figure 10.7 the 78 volt offset case buckles at 2265N while for the equiva-
lent test case (offset but uncontrolled) in Figure 10.9 the critical load is 2175N.
These two tests are equivalent but performed at different times, which shows the
level of repeatability that is achievable. After a run where buckling occurs and
the plate strip deflects substantially, a semi-permanent deflection remains when
unloaded which may disappear very slowly. This has a substantial effect on the
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Figure 10.10 Frequency response of Plate Strip B from piezo amplifier input to conditioned
bending strain output.
repeatability between tests.
Figure 10.10 shows the frequency response measured between the piezo am-
plifier input and the combined output from the conventional metal foil strain
gauges. The plot is averaged over 50 periods, and the coherence is quite low,
which indicates a low signal-to-noise ratio (SNR). Considering the unloaded case,
the fundamental vibration mode can be seen at 255Hz, and a higher mode at
1380Hz. Compared to the results from the finite element analysis given in Table
8.6 this measured frequency lies between the fourth and fifth eigenmodes. Not
all structural modes are seen in the frequency response plot as only those that
are observable by the chosen sensor configuration are measured. Two plots are
shown in the figure; one for the unloaded case and the second for a substantial
compressive load of 1kN, which is approximately 43% of Pcr. This figure shows
the reduction in dynamic frequencies and other small changes to the frequency
response due to the application of compressive loading. For buckling control the
system will need to remain stable at loads up to and beyond Pcr. The phase
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Figure 10.11 Frequency response of Plate Strip B from piezo amplifier input to the amplified
output from the capacitive central OOP deflection sensor.
and gain margins for the unloaded case are approximately −180◦ and -20dB,
which indicates an unstable closed-loop system. There are several reasons why
the system could be unstable. Gain and phase margin analysis is based on a lin-
ear system where the experimental setup could be nonlinear. Also, unmodelled
transport delay through the piezo amplifier could add to the reduce the phase
margin, resulting in stability concerns.
Figure 10.11 shows the frequency response between the input to the piezo
amplifier and the output from the capacitive distance sensor, which is located
at the center of the plate strip. The coherence of the averaged response data,
and therefore the SNR, is much higher than it was for the conventional strain
gauges. The first mode in this plot looks very similar to that of Figure 10.10
for the unloaded case. The antinode seen at approximately 430Hz is the second
dynamic mode of the plate strip. This second mode is torsional and has no
OOP deflection at the center of the plate strip. This inability to measure the
torsional mode results in an antinode in the frequency response. The phase and
gain margins for the unloaded case in Figure 10.11 are 0◦ and -6dB. The system
is strictly unstable, but margins have improved when compared to the case where
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the strain gauges were used for feedback.
10.2.3 Plate Strip C
Plate Strip C was designed to have substantially greater control authority than
Plate Strip B. Each actuator used consisted of two PZT wafers, each of which had
the same authority as the QP15W used with Plate Strip B. The two wafers are
superimposed and encased in a single device as seen in the schematic in Figure
8.7. The two wafers can be driven independently if desired, which would allow the
use of one pair of wafers to provide a constant curvature correction offset and the
second pair to be used for active control. It was decided for this experiment that
the two pairs of wafers would be wired together and run from a single channel.
If wired separately, the wafer performing only curvature correction would not
be utilising its entire authority, which is considered wasteful. The benefit of
separate wiring is that the only capacitance of one wafer is loading the dynamic
control channel. A lower capacitance load on the piezo amplifier will result in
a better response at high frequencies and reduce delay. This increase in control
authority will result in an increase in the control ratio. The resolution of the
capacitive sensor was 5µm and the dual wafer actuators provided a maximum
central deflection of approximately 100µm, therefore, the control ratio was 20.
Figure 10.12 shows the results of correction of initial curvature. As intended,
these more powerful actuators resulted in a lower percentage of control authority
being required for curvature correction. Only 41 volts (20.5% of full range) was
needed to achieve good buckling behaviour. Due to the increased thickness of
these actuators bonded to the surface of the plate strip, the flexural stiffness was
again increased. This can be seen in the test with no offset correction where Plate
Strip C buckles at 2100N, compared to 1720N for Plate Strip B. Also, Plate Strip
C due to its increased stiffness, now buckles at a higher load than the nonlinear
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Figure 10.12 Plate Strip C: Central deflection under compressive loading with constant
control offset.
FEA results. For Plate Strip C the buckling load is 2455N with a 41 volt offset
to correct initial curvature.
Active control was attempted on Plate Strip C superimposed on the 41 volt
offset. Figure 10.13 shows the results of several control trials where the control
gains were again found empirically and are given in Table 10.3. In the first test
the controller is purely proportional and the feedback loop operated at 100Hz.
For this low bandwidth controller the result was an increase from 2455N to 2610N
(6%). The second active control test operated at a much higher bandwidth given
a sampling rate of 10 kHz. This controller incorporated derivative as well as
proportional control, enabling it to remain stable with a proportional control
gain that was 40% higher than in the low bandwidth controller. The closed-loop
buckling load was 2880N, which is a 17% increase on the curvature corrected but
uncontrolled case, and a 37% increase over the uncorrected case.
Table 10.3 Empirically found control gains for Plate Strip C.
Low bandwidth controller G1 (Proportional) 25V/mm
High bandwidth controller G1 (Proportional) 35V/mm
G2 (Derivative) 30V/(mm.s)
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Figure 10.13 Strip C: Results of central deflection based feedback control.
Figure 10.14 shows the controller output for the high bandwidth controller.
The range of this output signal is ±10V dc, prior to going through the PZT
amplifier, which has a gain of 20. The level of noise in the feedback loop can be
seen in this plot. The approximately 20mV of electrical noise in the capacitive
sensor, is amplified through feedback and becomes the equivalent of 7.5µm of
uncertainty in out-of-plane deflection, reducing the ability to control the plate
strip at higher loads.
Figure 10.15 shows the frequency response for Plate Strip C, unloaded, be-
tween the piezo amplifier input and the central OOP deflection sensor output.
The plot is very similar to that from Plate Strip B, although the first mode has
slightly lower frequency of 225Hz, compared to 255Hz for Plate Strip B. The
phase and gain margins are 0◦ and -10dB respectively indicating an unstable
closed-loop system. Stable control was only achieved as the feedback gains were
reduced to below the magnitude required for unity feedback.
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represents full actuator authority.
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Figure 10.15 Unloaded frequency response of Plate Strip C from piezo amplifier input to
capacitive central OOP deflection sensor output.
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10.3 Feedback lag and damping effects
Experimental results have shown that active buckling control is extremely sensi-
tive to transport delays or phase lag through the feedback path. This sensitivity
results from a combination of the nature of the structure and limited actuator
authority, especially when the load is above the critical buckling load. If there
is too much delay then by the time the sensed information results in a correc-
tive moment the structure has already moved away from that state, and perhaps
beyond the range in which the actuator authority is able to bring the structure
back to equilibrium.
The dynamics of the structure play a large part in defining the critical delay.
As the plate strips used in this research were approximately 30 times stiffer than
any other published experiments [9, 15], their dynamics are substantially faster.
Active buckling control has not been attempted on structures of this stiffness
before, so difficulties keeping this delay within critical limits have probably not
been encountered before, as it has not been reported in the literature. Considering
that this glass-polyester laminate fits into the flexible end of the spectrum for
fibre-reinforced composites and that joints are usually closer to clamped than
pinned, any practical application will have at least this stiffness.
During the simulation of the active plate in Chapter 7 and the design of the
experiment in Chapter 9, manufacturer specified values for delay were used for
hardware such as the PZT and strain gauge amplifiers. When measured, these
delays were found to be considerably larger than specified, therefore violating
critical limits found during simulations. Amplifiers also displayed a non-uniform
delay over the operating frequency range, and therefore a frequency response
function would be more accurate than a pure delay for simulation. Another
contributing factor to the increase between assumed and actual delays was the
discrete filtering required on feedback signals. To keep noise to an acceptable
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Figure 10.16 Updated damping model based on measured damping of Plate Strip C.
limit, 10 point filters were used to evaluate and smooth the derivative and pro-
portional and signals, while 2 point filters were used during simulation.
The critical delay for the fully constrained plate was found in Section 7.6.2
to be 10µs, and it is clear that this limit was exceeded during experiments. The
delay through the PZT amplifier was measured at approximately 60µs up to
1kHz and the discrete filtering operation delayed the signal approximately 150µs
if sampled at 10kHz (Section 9.4). The DSP based control implementation also
contributed substantial delay as it was found that the output of the calculated
actuator drive signal based on a discrete measurement did not take place until
the subsequent sample period. For a sampling rate of 10kHz this transport delay
could be as large as 200µs (Section 9.3.4).
The structural damping of Plate Strip C was measured during experiments
and found to be 1.1% of critical at the fundamental vibration mode of 228Hz and
1.7% at 1405Hz. As these values are considerably lower than original estimates
used for simulations shown in Figure 10.16, and due to damping slowing the
response of a structure, this overestimation caused simulations to have a larger
delay tolerance than the experimental structure.
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Figure 10.17 Comparison of buckling loads for finite element results, blank and active plate
strips.
10.4 Summary of experimental results
Figure 10.17 charts and Table 10.4 lists the measured buckling loads of the three
active plate strips both controlled and uncontrolled, the finite element results and
blank plate strip test result. Plate Strip A is seen to have the lowest loads, which
are substantially lower than predicted by the finite element analysis. It was con-
cluded that machining operations involved in embedding the actuators, combined
with loading rig misalignments caused premature buckling in this specimen.
Plate Strip B was successful in achieving buckling loads very close to both the
linear and nonlinear finite element critical loads. The constant voltage applied
to correct for initial curvature made a substantial improvement to the buckling
behaviour of the plate strip, which resembled that of ideal buckling of a straight
member. Active buckling control on Plate Strip B was partially successful, but
limited by the reduced actuator authority remaining after curvature correction
was applied.
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Table 10.4 Buckling loads for finite element results, blank and active plate strips.
Description Offset Control Buckling Load
Vdc N
Strip A - - 1210
Strip A 40 - 1400
Strip B - - 1720
Strip B 78 - 2265
Strip B 78 PD: 100Hz 2340
Strip C 0 - 2100
Strip C 41 - 2455
Strip C 41 P: 100Hz 2610
Strip C 41 PD: 10kHz 2880
Blank strip - - 1465
Nonlinear FEA - - 1855
Linear eigenvalue - - 2340
The highest buckling loads were seen in Plate Strip C. Consideration needs
to be given to the stiffness that would have been added to the central region
of the plate strip due to the relatively thick and stiff piezo actuators bonded
to the laminate surface. A low bandwidth proportional controller and a high
bandwidth proportional-derivative controller were tested and the latter increased
the buckling load by 37% compared to the plate strip without initial curvature
correction, and 17% compared to the case with curvature correction applied.
Figure 10.18 shows three frequency response plots for unloaded plate strips
between the actuator input and the sensor output. Two plots were determined
experimentally for Plate Strips B and C, and the third was simulated using
Matlab r© . Table 10.5 lists the frequencies and magnitudes of the three modes
as seen in Figure 10.18. Mode 1 has good correlation between both the plate
strips, and the simulation. For the second mode, Plate Strips B and C are very
similar, but the frequency for the simulation is substantially higher than the mea-
sured values. One possible reason for this variation is the added stiffness to the
central region of the plate strip from bonding actuators to the laminate surface.
This mode also has more damping in the simulated model, which can be esti-
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Figure 10.18 Comparison of unloaded frequency response for Plate Strips B and C, and
simulation.
mated by the width of the mode peak. The finite element model uses Rayleigh
proportional damping, where damping increases with frequency as shown in Fig-
ure 5.1. The difference in damping between simulation and experimental results
for mode 3 is even more pronounced. It is concluded that damping was over-
estimated in the finite element model. This is confirmed by the measurements
shown in Figure 10.16. One other important difference that exists between the
simulation and experimental frequency responses is the phase between modes 1
and 2. The phase margin is 10◦ in the simulated response, compared to 0◦ for the
experimental cases. Based on the phase and gain margins the simulated system
is stable, while the experimental system is marginally unstable.
The transport delay or lag in the feedback loop, which was estimated to be
up to an order of magnitude larger in the experiment than the critical delay limit
established from simulation-based studies. The consequence of this discrepancy
would be a loss of stability margin for the controller, which is consistent with
what was observed in these experiments.
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Table 10.5 Comparison of frequency and magnitude of modes from frequency response anal-
ysis
Mode 1 Mode 2 Mode 3
Frequency (Hz) Strip B 255 420 1380
Strip C 225 430 1400
Simulation 275 585 1470
Magnitude (dB) Strip B 24 -42 11
Strip C 19 -38 8
Simulation 24 -31 -2
Chapter 11
Conclusions
The results show that for the laminate plate of dimensions 300 by 200 by 3mm
that was designed, active control can increase the buckling load to 2.3 times
PCR. Through optimisation of plate variables this control was achieved using
only four pairs of actuators, which cover 8% of the plate surface and actuate the
first two buckling modes. The performance of this controller has been confirmed
in numerous simulations, considering the effects of noise, actuator authority, and
sampling rate. The result of these simulations was that the active buckling con-
troller required a minimum sampling rate of 10kHz, equivalent noise lower than
12µε or 11µm of center deflection and a total delay of less than 27µs. Commer-
cially available PZT actuator patches were confirmed to possess the authority
to control practical initial curvatures and perturbations of 0.1mm and 0.2ms−1,
although the reduction in authority due to initial curvature correction required
was not taken into account. The inclusion of mixed continuous-discrete control
simulations for active laminate design was unique to this research and provided
insight into many problems and interactions that occur when implementing a
continuous control strategy in a discrete controlled real-time system.
Previous experimental research in the area of active buckling control has
dealt with columns with buckling loads between 10 and 50N. These non-laminate
isotropic columns were approximately 30 times more flexible than the laminate
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plate strips used in this research. Lower stiffness also has the effect of reducing the
dynamic frequencies of the structure, and hence the required controller bandwidth
and delay.
A method has been developed for the manufacture of glass fibre reinforced
polyester laminates achieving accurate thickness and a high quality surface finish.
Embedding of actuators was attempted post-curing by machining a cavity in
which actuators were bonded. Although the process worked well, the mechanical
properties of the plate were adversely affected. This effect was most likely due
to stress release during machining and weakness at the cavity walls.
Calibration of the test rig and active plate strip showed very close correlation
with finite element models. Deflections were measured to within 2µm of the
simulation results. This correlation confirms the accuracy of both the sensors
and the static finite element model. Silicon strain gauges provided extremely
high resolution measuring strains of 0.1µε in the presence of noise. However,
this high resolution resulted in a strain measurement range that proved too small
for control purposes. Standard metal foil strain gauges were trialled, but with a
resolution of around 7µε they were not sensitive enough for control feedback. No
commercially available strain gauges had intermediate gains and the majority of
feedback control testing was performed using a capacitive displacement sensor,
with a resolution of 2µm.
Three active plate strips were constructed and a series of experiments carried
out using a custom built compressive loading rig, which approximated fixed-free
boundary conditions. Measured buckling loads for Plate Strip A, with embedded
actuators, were substantially lower than predicted from finite element analysis.
This premature buckling was caused both by the reduction in stiffness from the
embedding process and small misalignments in the loading rig. Plate Strip B
achieved buckling loads that were very close to the simulations after a constant
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actuator correction for initial curvature had been applied.
The curvature corrected buckling behaviour of Plate Strip B closely resembled
that of ideal buckling where the out-of-plane deflection remains almost zero until
the buckling load is reached and then deflects suddenly with little increase in
load. Active buckling control using strain feedback was only partially successful
on Plate Strip B achieving an increase of 8%, as the majority of actuator authority
was used to correct for initial curvature.
Active control of Plate Strip C proved more successful as the thicker actua-
tors used provided a much larger actuator authority. These thick actuators were
mounted on the surface of Plate Strip C which increased the passive column
stiffness and hence buckling load by approximately 250N (17%) over a blank
plate strip. A low bandwidth proportional controller and a high bandwidth
proportional-derivative controller were tested and the latter increased the buck-
ling load by 37% compared to the plate strip without initial curvature correction,
and 17% compared to the case with initial curvature correction applied. Control
gains for these specimens were found empirically due to instability from unknown
interaction between the optimal gains and discrete control system hardware and
software.
These active buckling control results are lower than those predicted in initial
simulations. The reduction of actuator authority caused by the requirement for
initial curvature correction was not considered in simulations. In some cases ap-
proximately 80% of the actuator authority was required for this initial curvature
correction and simulations showed a dramatic reduction in system performance
caused by this reduction in authority. In addition a curvature corrected plate is
not a flat plate in terms of actual strain state. Finally, additional dynamics of the
experimental hardware and time delays in excess of the simulated requirement
resulted in further losses.
134 CHAPTER 11 CONCLUSIONS
Frequency response functions were measured for various components of the
unloaded experimental setup in order to gain an appreciation for how well the
simulation model resembled the laboratory setup. This analysis was performed
from 0 to 1.5kHz, where the lower vibration modes of the structure could be
compared. The first mode displayed good correlation in both frequency and
magnitude to the model. The second and third vibration modes had peaks at
similar frequencies to the model, but the magnitude (width and height) of the
peaks were lower in the simulation model. It can be concluded from this com-
parison that the simulation model displayed higher damping than the structure,
for these three modes. The difference between the simulation model and struc-
ture becomes larger with increasing frequency. Lower damping results in lower
stability margins for the controller. This reduction in stability is apparent in the
phase plots where the simulation model boasts a phase margin of approximately
10 degrees, while for the measured structure it is approximately 0 degrees. These
differences could also have been due to additional transport delays in the system
hardware which were underestimated in the simulation model.
Overall, several small but critical differences between the simulation model
and laboratory setup resulted in lower than expected controller performance.
Control authority available to the controller was reduced through the need to
correct for initial curvature in the plate strips. The designed controller was
optimised to provide highest possible increase in buckling load, which places it
close to the stability limit.
Chapter 12
Future work opportunities
Throughout the experimental phase of this research numerous issues have arisen,
some of which merit further investigation. Two major difficulties that were en-
countered during experiments were the additional time delays and frequency re-
sponses of hardware in the feedback path, and perturbations in buckling mode
development caused by laminate imperfections combined with loading rig mis-
alignments. These issues will need to be addressed prior to continuing research
into active buckling control of stiff laminates. The following avenues for further
improvements and development are suggested.
12.1 Modelling and simulation
As damping can now be measured for the experimental specimen it would be
advisable to update the damping model in the simulations so that it better re-
sembles these measured values. Damping has a large effect on controller stability
and partially dictates the required system bandwidth.
The simulation model assumed that modal amplitudes were estimated from
strain or displacement sensors. A more accurate representation would be to use
either strain or displacement feedback directly, therefore removing the assumption
that conversions to modal amplitude could be accurately computed.
The transport delays through the DSP controller, PZT amplifier and sensor
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signal conditioning have now been measured, and these updated values should be
included. But, it would be better to include the frequency response functions for
these items so as to achieve a closer representation of the experimental setup.
Reducing the actuator authority, due the requirement for initial curvature
correction, would also be a closer representation of the experimental configuration
as in some cases a substantial portion of the actuator authority was required
to correct for initial curvature. Reducing the actuator authority will have a
detrimental effect on the robustness of the controller.
12.2 Controller design
In the control optimisation process, more emphasis could be placed on minimising
control effort and maximising damping, which will be at the cost of reducing
the closed-loop buckling load. This would result in a controller with increased
stability margins, able to tolerate larger discrepancies between simulation and
experimental implementation. Increasing the phase margin to over 30 degrees is
desirable.
12.3 Sensing architecture
Silicon strain gauges were found to be too sensitive for control purposes and
standard metal foil gauges were not sensitive enough. Strain gauges with a gauge
factor between 50 and 100 would provide the best solution for a control feedback
signal with the conventional signal conditioning equipment. Another improve-
ment in the sensing strategy would be to measure velocity directly, rather than
differentiate a discrete displacement measurement. This would provide increased
bandwidth, reduced phase lag, and lower noise. Integration of an acceleration
sensor would also provide a signal with reduced noise compared to a differenti-
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ated displacement signal.
Including additional sensors on the specimen to measure higher mode deflec-
tions would confirm the hypothesis that initial curvature and loading misalign-
ments are causing complex higher mode deflections, which impacts the funda-
mental buckling behaviour of the specimen. It would also allow for the design of
a controller that corrected for these complex initial deformations.
12.4 Actuators and imperfections
The embedding of actuator patches to achieve constant flexural stiffness was
abandoned after a substantial reduction in the stiffness of the plate strip was
found. Two possible solutions exist for this issue. First, the simulation model
could be adapted to incorporate the surface mounted actuators, thus reestab-
lishing consistency between the model and experimental specimen. The second
solution would be to embed the actuators using a different method that reduced
the impact on the stiffness of the surrounding laminate.
12.5 Laminate imperfections and loading misalignments
It has been concluded that higher mode deflections from laminate imperfections
and loading misalignment have reduced the buckling load and performance of the
active controller. The ability to both sense and actuate into these higher modes
would at least confirm these conclusions and potentially overcome them.
Another method of reducing the impact of a second mode deflection would
be to change the end boundary conditions from fixed to pinned. This would
effectively reduce the stiffness of the first mode, therefore increasing the difference
in stiffness between the lowest two modes and ease the development of a proper
first mode buckle as load increases.
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Appendix A
Experimental loading rig details
A.1 Test rig clamp redesign
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A.2 Hardware specifications and setup parameters
The following hardware calibration factors, offsets, electrical and mechanical op-
erating ranges are required for setup of the test rig and control feedback loop.
Load cell
• Sensotec Model 41/572-01, S/N: 554502, [0-2000lbs], VEXC = 10V DC
• Full strain bridge configuration
• Excitation = 10 Volts
• Resistance = 350 ohm
• Gauge Factor = 1.335
• P3500 Readout; 1ue = 1N
• Calibration (V to Newtons) = ×4350
LVDT crosshead displacement sensor
• Solartron DG-2.5, S/N: M922940B041-07
• Supply voltage = 10 Vdc (blue / red)
• Mechanical operating range = 0 to 6mm
• Voltage output range = -2.5V to 3v
• Calibration Factor (V to mm) = ×1.125
Capacitive sensor (OOP deflection at center)
• Bently Nevada 5mm Proximitor
• Scale Factor = 8.9 V / mm (using 1/3 voltage divider: 2.667 V/mm)
• Mechnical range = 2mm
• Output Range = -24 to -5 Volts
• Input range = 0 - 2 mm (set zero offset @ -3.80 Volts to get ±1mm)
• Supply voltage = -24V
• Calibration Factor (V to mm) = ×0.37
Laser distance sensor (OOP deflection at center)
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• Banner LG5B65PI, 54712-12
• Supply voltage = 12-30 VDC (using 20V)
• Output voltage = 0.742 to 4.522 VDC (set zero offset @ 2.632 V)
• Mechanical range = 0-15mm
• Calibration factor (V to mm) = 3.97 @ 20V supply
Si strain gauges
• BLH Semiconductor SR-4 (SPB3-18-100)
• Gauge factor = 143.7
• Mechanical range = ± 83 ue (±5V output limit)
• 5B module amp factor = 500
• Excitation = 3.333 volts
• Calibration factor (V to µε) = ×16.67
Metal foil strain gauges
• Micro Measurements S2K-00-125AC-10C
• Gauge factor = 2.04
• 5B module amp factor = 500
• Excitation = 3.333 volts
• Calibration factor (V to µε) = ×1176.6
Pneumatic bellows
• Festo EB-145-60
• With bellows at 80mm extension, 1kPa = 7 Newtons applied force
• Calibration factor (Volts to kPa) = ×97
Mide´ PZT patches
• ACX Quickpak QP10W
• Input range = ±200 volts
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• Theoretical max strain = ± 278 ue
• Capacitance = 0.1uF
• Max bending moment per node = 0.0462 Nm/node
• Calibration (Nm/node -/+ 10V Out to Amp) = ×21.65
Bending strain to modal amp conversion (QP10W actuators)
The following conversions are based on experimental data from the 1Hz 100V
peak-to-peak (P2P) actuator calibration test:
Mode 1:
• Bending Strain 1 (BS1) + Bending Strain 2 (BS2) = 87 ue P2P
• Unit amplitude mode one creates 3.8mm central UZ.
• Measured to be 0.125mm for by applying 200V P2P.
• Conversion from (BS1+BS2) to Mode 1 Amp = 0.125
87×3.8 = 3.781E-4
A.3 Digital filter implementation coefficients
The following coefficients can be used to implement the digital filters designed in
Section 9.4:
First order FIR derivative filter:
Num = [1]
Den = [1 -1]
Tenth order low pass FIR derivative filter:
Num = [ 1 ]
Den = [0.0355 0.0038 -0.0825 -0.1572 -0.1309 0 0.1309
0.1572 0.0825 -0.0038 -0.0355]
Second order Simpson and trapezoidal IIR derivative filter:
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Num = [1 0.6378 0.1017]
Den = [0.8698 0 -0.8698]
Ninth order FIR smoothing (low pass) filter:
Num = [ 1 ]
Den = [0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1]
Second order IIR smoothing (low pass) filter:
Num = [1 0.51930 0.21965]
Den = [0.43474 0.86948 0.43474]
